FETI DOMAIN DECOMPOSITION METHODS FOR SCALAR ADVECTION–DIFFUSION PROBLEMS

ANDREA TOSELLI^∗

Abstract. In this paper, we show that iterative substructuring methods of Finite Element Tearing and Interconnecting type can be successfully employed for the solution of linear systems arising from the finite element approximation of scalar advection–diffusion problems. Using similar ideas as those of a recently developed Neumann–Neumann method, we propose a one–level algorithm and a class of two–level algorithms, obtained by suitably modifying the local problems on the subdomains. We present some numerical results for some significant test cases. Our methods appear to be optimal for flows without closed streamlines and possibly very small values of the viscosity. They also show very good performances for rotating flows and moderate Reynolds numbers. Therefore, the algorithms proposed appear to be well–suited for many convection–dominated problems of practical interest.

Key words. Advection–diffusion, stabilization, domain decomposition, FETI, preconditioners.

AMS subject classifications. 65F10, 65N22, 65N30, 65N55

1. Introduction. In this paper, we consider the boundary value problem

Lu := −νΔu + a · ∇u + cu = f, in Ω, u = 0, on ∂Ω_D, ∂u ∂n = 0, on ∂Ω_N . (1)

Here, Ω ⊂ R^n, n = 2, 3, is a bounded, connected polyhedral domain with a Lipschitz continuous boundary ∂Ω and outward normal denoted by n. We consider a partition ∂Ω = ∂Ω_N ∪∂Ω_D, where ∂Ω_N can possibly be empty. For simplicity, we only deal with homogeneous Dirichlet and Neumann conditions, but more general non homogeneous boundary data can also be used; see section 4 and, e.g., [31, Ch. 6].

The viscosity ν is positive, but can be arbitrarily small for advection–dominated problems. For simplicity, we assume that ν is constant. The velocity field a is given and we suppose that a ∈ L^∞(Ω)^n and ∇ · a ∈ L^∞(Ω). The scalar function c ∈ L^∞(Ω) is a reaction coefficient that may arise from a finite difference discretization of a time derivative, and f ∈ L^2(Ω) is a source term.

The aim of this paper is to build a family of iterative methods of Finite Element Tearing and Interconnecting (FETI) type for a conforming finite element (FE) approximation of problem (1). We show that by borrowing some ideas from a Neumann– Neumann method for the same problem, see [2], and by using some recent developments in the analysis of FETI methods, see [25, 39], FETI algorithms can be employed successfully for advection–diffusion problems as well. We are primarily interested in convection–dominated problems.

FETI methods were first introduced for the solution of conforming approximations of elasticity problems in [15]. In this approach, the original domain Ω is decomposed into non–overlapping subdomains Ω_i, i = 1, . . . , N. On each subdomain Ω_i a local stiffness matrix is obtained from the finite element discretization of local Neumann

∗ Courant Institute of Mathematical Sciences, 251 Mercer Street, New York, N.Y. 10012, USA. E– mail: toselli@cims.nyu.edu. URL: http://www.math.nyu.edu/~toselli. This work was supported in part by the Applied Mathematical Sciences Program of the U.S. Department of Energy under Contract DEFGO288ER25053. 1

problems. Analogously, a set of right hand sides is built. The continuity of the solution, corresponding to the set of primal variables, is then enforced across the interface defined by the inner subdomain boundaries by using Lagrange multipliers. In the original FETI algorithm, the primal variables are then eliminated by solving local Neumann problems, and an equation for the Lagrange multipliers is obtained. Several preconditioners have been used extensively for the resulting dual problem. They ensure that the condition number of the preconditioned system is independent of the number of substructures and increases only slowly with the number of unknowns associated to the substructures. In addition, if suitable scaling matrices are introduced, the condition number can also be made independent of possibly large jumps of the coefficients; see section 3.1. We refer to [14, 16, 26, 10, 38, 34, 25], for Poisson and elasticity problems, to [12], for acoustic scattering problems, to [13, 11, 27, 38], for shell and plates problems, and to [39, 33], for edge element approximations of Maxwell’s equations.

A number of domain decomposition methods have also been proposed for advection– diffusion equations. Overlapping methods have been considered, e.g., in [6, 7, 5, 30]. For iterative substructuring methods, we refer to [32, Ch. 6] and to the references therein. In particular, we mention [8, 18, 40, 9, 4], where the matching conditions on the subdomain interfaces are chosen according to the direction of the flow, and [1, 3, 2], where the same kinds of boundary conditions are employed for all the subproblems and are chosen in order to ensure their stability. The methods considered in [29, 28, 30, 22, 23] also belong to the latter family; in these methods, optimized conditions of higher order are imposed on the boundaries of the subdomains in order to improve the convergence. Many multigrid methods have also been proposed for advection–diffusion problems, and we refer, e.g., to [19, 20] and to the references therein.

In our work, we will employ some ideas from [1, 2], and use the same Robin boundary conditions for all the subproblems. We stress the fact that we, by no means, claim that this is the only way of constructing FETI methods for advection–diffusion problems and other methods are possible. We only know of few previous papers; see [23], where a FETI coarse space is employed for an iterative substructuring method with optimized interface conditions. When discussing our numerical results, we will also refer to [36], where some preconditioners based on relaxation and incomplete factorizations are carefully tested for some stabilized methods.

As is customary, see [31, Ch. 6], we suppose c − 1 2 ∇ · a ≥ c_0 > 0, in Ω, (2) a · n ≥ 0, on ∂Ω_N . (3) For any D ⊂ Ω, the bilinear form associated to the operator L and the boundary conditions in (1) is

a_D(u, v) := ∫ D (ν∇u · ∇v + a · ∇u v + c uv) dx, u, v ∈ H^1(Ω; ∂Ω_D), (4)

where H^1(Ω; ∂Ω_D) is the subspace of H^1(Ω) of functions that vanish on ∂Ω_D. In case D = Ω, we drop the subscript. The variational formulation of problem (1) is: Find u ∈ H^1(Ω; ∂Ω_D) such that

a(u, v) = ∫ Ω fv dx, v ∈ H^1(Ω; ∂Ω_D). (5)

The bilinear form a_D(·, ·) can be decomposed into a symmetric and a skew– symmetric part

a_D(u, v) = b_D(u, v) + s_D(u, v),

with

b_D(u, v) := ∫ D ( ν∇u · ∇v + ( c − 1 2 ∇ · a ) uv ) dx + 1 2 ∫ ∂D\∂Ω_D

a · n uv ds, (6)

s_D(u, v) := 1 2 ∫ D (a · ∇u v − a · ∇v u) dx, (7)

for all u and v in H^1(Ω; ∂Ω_D).

We note that conditions (2) and (3) ensure that the bilinear form a(·, ·) is coercive in H^1(Ω; ∂Ω_D) and problem (5) is then well–posed.

The outline of the remainder of this paper is as follows. In section 2, we introduce a partition of the domain Ω, together with some local finite element spaces and local bilinear forms. In section 3, we define our one– and two–level FETI methods. The numerical results for three significant test cases are presented in section 4.

2. Finite element spaces and stabilized formulations. We consider a shape– regular triangulation T_h of the domain Ω. For each triangle t ∈ T_h, let h_t be its diameter, and let h be the maximum of the diameters of the elements. We next consider a non overlapping partition of the domain Ω into subdomains,

F_H = { Ω_i | 1 ≤ i ≤ N, N⋃ i=1 Ω_i = Ω } , such that each Ω_i is open and connected, and is the union of some elements in T_h. We denote the diameter of Ω_i by H_i and define H as the maximum of the diameters of the subdomains. The elements of F_H are also called substructures. Let Γ_i be the part of ∂Ω_i that is common to other substructures

Γ_i := ∂Ω_i \ ∂Ω,

and let the interface Γ be the union of the Γ_i. We note that Γ and the Γ_i are closed sets.

For the approximation of problem (5), we consider the standard FE space of continuous, piecewise linear functions on Ω:

~X_h(Ω) = ~X := {u ∈ H^1(Ω; ∂Ω_D)| u_{|t} ∈ P_1(t), t ∈ T_h, }.

In order to define our FETI method, we need to introduce some local spaces. We define

H^1(Ω_i; ∂Ω_D) := {u_i ∈ H^1(Ω_i)| u_i = 0 on ∂Ω_D ∩ ∂Ω_i}.

We next introduce the FE spaces of continuous, piecewise linear functions on each subdomain Ω_i

X_h(Ω_i) = X_i := {u_i ∈ H^1(Ω_i; ∂Ω_D)| u_{i|t} ∈ P_1(t), t ∈ T_h, t ⊂ Ω_i},

and the product space

X_h(Ω) = X := N∏ i=1 X_i ⊂ N∏ i=1 H^1(Ω_i; ∂Ω_D)

We also need some local trace spaces

W_h(Γ_i) = W_i := {u_i restricted to Γ_i | u_i ∈ X_i},

and the product space

W_h(Γ) = W := N∏ i=1 W_i.

The local trace spaces W_i consist of continuous, piecewise linear functions on the Γ_i.

It is well known that for advection–dominated problems the original bilinear form a(·, ·) has to be modified in order to remove spurious oscillations of the Galerkin approximation on standard continuous polynomial spaces, if the mesh does not resolve boundary or internal layers. A large number of strategies have been proposed in the past twenty years and many of them consist of adding mesh dependent terms to the FE approximation; see, e.g., [24, 31] and the references therein . Here, we consider the Galerkin/least–squares method (GALS) originally developed in [21]. We introduce the modified bilinear form

a^h_Ω(u, v) = a^h(u, v) := a(u, v) + ∑ t⊂Ω δ(h_t) ∫ t Lu Lv dx, u, v ∈ ~X_h(Ω), (8)

and the corresponding local bilinear forms

^a^h_{Ωi} (u, v) := a_{Ωi} (u, v) + ∑ t⊂Ω_i

δ(h_t) ∫ t Lu Lv dx, u, v ∈ X_i, i = 1, . . . , N, (9)

where δ(h_t) is a positive function that vanishes with h_t and may depend on the values of ν and a on the element t; see section 4 for a particular choice.

Our discrete problem becomes: Find u ∈ ~X such that

a^h(u, v) = ∫ Ω fv dx + ∑ t⊂Ω δ(h_t) ∫ t f Lv dx, v ∈ ~X.

(10)

We will use modified local bilinear forms from now on. We note that we cannot in general ensure that the bilinear form ^a^h_{Ωi} (·, ·) is positive definite on the space X_i. This can be seen by considering the symmetric part of a_{Ωi} (·, ·), defined in (7), and noting that the boundary integral on ∂Ω_i \ ∂Ω_D does not vanish in general and that, along the internal part of the boundary Γ_i, the sign of the coefficient a · n depends on the orientation of the normal n with respect to the flow a. Following [2], we consider a modified bilinear form in Ω_i, obtained from the original one by subtracting this boundary integral along the internal part of the boundary:

a^h_{Ωi} (u, v) := ^a^h_{Ωi} (u, v) − 1 2 ∫ Γ_i

a · n uv ds, i = 1, . . . , N.

The conditions (2) and (3) now ensure that these new local bilinear forms are positive definite on the spaces X_i. In addition, they are related to Robin problems on the substructures; if a function u ∈ H^1(Ω_i; ∂Ω_D) satisfies

a_{Ωi} (u, v) − 1 2 ∫ Γ_i

a · n uv ds = ∫ Ω_i

fv dx + ∫ Γ_i

gv ds, v ∈ H^1(Ω_i; ∂Ω_D),

and is sufficiently regular, it also satisfies

Lu = f, in Ω_i,

u = 0, on ∂Ω_D ∩ ∂Ω_i, ∂u ∂n = 0, on ∂Ω_N ∩ ∂Ω_i, ∂u ∂n − 1 2 a · n u = g, on Γ_i.

3. A FETI algorithm. In this section, we introduce a FETI method for the solution of problem (10).

We first assemble the local stiffness matrices K_i, relative to the local bilinear forms a^h_{Ωi} (·, ·), and the local load vectors f_i. The local matrices K_i can be represented as

K_i = [ K^{II}_i K^{IB}_i

K^{BI}_i K^{BB}_i ] ,

where we divide a local vectors u_i into two subvectors, u^B_i and u^I_i , of degrees of freedom corresponding to nodes on Γ_i and on the rest of Ω_i, respectively. The load vectors f_i are divided in the same way.

We then consider the following problem

Kw + ~B^tλ = f, ~Bw = 0,

(11)

where

w := w_1 . . w_N

∈ X, K := diag{K1, . . . , KN}, f := f_1 . . f_N .

The matrix ~B has entries in {1, −1, 0} and is chosen such that the values of the solution w are equal at the nodes on the subdomain boundaries that are common to two or more substructures when ~Bw = 0. The vector λ is a Lagrange multiplier relative to the continuity constraint ~Bw = 0. In the following, we suppose that the constraints are linearly independent and therefore there are no redundant Lagrange multipliers. In this case, ~B has full rank. An analogous algorithm can be defined in the case of redundant multipliers; see, e.g., [34, 25].

We remark that we have Ker( ~B) = ~X and that, when the matrix K is restricted to ~X, the boundary integrals in the definition of the modified local bilinear forms a^h_{Ωi} (·, ·) cancel out. Problems (11) and (10) then have the same solution u = w.

The degrees of freedom that are not on the interface Γ belong to only one substructure and can be eliminated in parallel by block Gaussian elimination. Let g_i be the resulting right hand sides and let S_i be the Schur complement matrices

S_i : W_i −→ W_i,

relative to the degrees of freedom on Γ_i.

After eliminating the interior variables, we obtain the following problem for u ∈ W :

Su + B^tλ = g, Bu = 0,

(12)

where

u_i := w_{i|Γi} , S := diag{S_1, . . . , S_N}.

The matrix B = [B_1, . . . , B_N ] is obtained from ~B by deleting the columns relative to the interior variables. We have, for i = 1, . . . , N,

S_i = K^{BB}_i − K^{BI}_i ( K^{II}_i

)_{−1} K^{IB}_i ,

g_i = f^B_i − K^{BI}_i ( K^{II}_i

)_{−1} f^I_i .

We can easily check that, since our local bilinear forms are positive–definite, the local Schur complements S_i are always invertible and, consequently, there is no natural coarse space associated to the substructures; we are in a similar case as that considered in [10].

Following [10], we first find u from the first equation in (12), and substitute its value in the second equation. We obtain the system

F λ = d,

(13)

where

F := B S^{−1} B^t, d := B S^{−1} f.

Following [25, 39], we now define a preconditioner for (13).

We introduce the matrices,

R := [R_1, R_2, . . . , R_N ] , G := Q B R,

(14)

where R_i are vectors in W , related to the substructures {Ω_i} and Q is a suitable invertible matrix. More precisely, we suppose that R_i is obtained from a local vector r_i ∈ W_i on Γ_i, by extending it by zero to the boundaries of the other substructures. We will make some particular choices for R and Q in sections 3.2 and 3.3.

Following [10, 39], we next define the projection P := I − G(G^tF G)^{−1}G^tF, onto the complement of Range(G). We remark that this is not an orthogonal projection since the matrix F is not symmetric. Following [25, 39], we next define the preconditioner ^M^{−1} := (BD^{−1}B^t)^{−1} BD^{−1}SD^{−1}B^t (BD^{−1}B^t)^{−1},

where D is a symmetric, non singular matrix that we will specify in the next section. It can be easily seen that BD^{−1}B^t is invertible and is block diagonal.

As in [10, 39], we consider a projected preconditioned algorithm. Since our linear system is not symmetric, we consider the generalized minimal residual (GMRES) method; see, e.g., [35]. Other choices are clearly possible.

1. Initialize

λ^0 = G(G^tF G)^{−1}G^td Project: w^0 = P^t(d − F λ^0) Precondition: z^0 = ^M^{−1}w^0 Project: y^0 = P z^0

v^1 = y^0/‖y^0‖

2. Iterate k = 1, 2, . . . , j, . . . , until convergence

q^k = F v^k Project: w^k = P^tq^k Precondition: z^k = ^M^{−1}w^k Project: y^k = P z^k h_{i,k} = y^{kt}v^i, i = 1, . . . , k

v̂^k = y^k − k∑ i=1 h_{i,k}v^i

h_{k+1,k} = ‖v̂^k‖ v^{k+1} = v̂^k/h_{k+1,k}

3. Form the approximate solution

λ^j = λ^0 + V_j u^j , where u^j minimizes ‖βe_1 − H_j u‖, u ∈ R^j .

Here, β = ‖y^0‖, e_1 is the first column of the (j + 1) × (j + 1) identity matrix, V_j is the matrix, the columns of which are the vectors v_k, k = 1, . . . , j, and H_j is a (j + 1) × j matrix, the non–zero entries of which are the elements h_{i,k}; see [35].

Because of the choice of the initial vector λ^0, we can easily prove the following lemma.

Lemma 3.1. The following properties hold w^0 = d − F λ^0,

(15) w^k = q^k, for k ≥ 1,

(16) λ^j − λ^0 ∈ Range(P ).

(17)

We note that, thanks to Lemma 3.1, the action of P^t needs not be calculated in practice.

The method presented here is equivalent to using GMRES for solving the following preconditioned system

P ^M^{−1}P^tF λ = P ^M^{−1}P^td, λ ∈ λ^0 + V,

(18)

with

V := Range(P ).

In section 4, we will also consider some numerical results for the following preconditioned problem

^M^{−1}F λ = ^M^{−1}d, λ ∈ U, (19)

with

U := Range(B),

which corresponds to the choice P = I and λ^0 = 0 in our algorithm. In the following, we refer to GMRES applied to Equation (18) as two–level FETI (FETI–2), and as one–level FETI (FETI–1) when applied to Equation (19).

Before introducing our choices for the matrices D, R, and Q, we remark on the computational cost of our algorithms. The matrices S and S^{−1} need not be calculated in practice. The action of the local Schur complement S_i on a local vector requires the solution of a Dirichlet problem on the substructure Ω_i, while the action of S^{−1}_i requires the solution of a problem on Ω_i with Robin boundary conditions; see [37, Ch. 4]. At each step of FETI–2, the following problems have to be solved:

• one Dirichlet problem on each substructure, for the application of the preconditioner ^M^{−1};

• two Robin problems on each substructure, for the two applications of F (cf.

the definition of projection P );

• one coarse problem of dimension N, involving the matrix G^tF G (cf. the definition of P ).

For FETI–1, we only have to solve one Dirichlet problem and one Robin problem on each substructure.

We recall that, for the two–level Robin–Robin method in [2], at each step, we have to solve one coarse problem, and two Dirichlet problems and one Robin problem on each substructure. For the corresponding one–level method, we only have to solve a Dirichlet problem and a Robin problem on each substructure.

3.1. The scaling matrix D. Following [2, 25], for the substructure Ω_i, we first consider a continuous piecewise linear function μ^†_i ∈ W_i defined in the following way: For every node x_h ⊂ Γ_i, we set

μ^†_i (x_h) := ρ_i ∑ k ρ_k , where, for every Ω_k that share the node x_h, ρ_k is the diagonal entry of the stiffness matrix K_k corresponding to the node x_h, and the sum is extended to all substructures that share x_h. Let D_i : W_i −→ W_i, be the diagonal matrix that represents the multiplication by μ^†_i .

We define the global scaling matrix D : W −→ W as

D := diag{D_1, . . . , D_N}.

3.2. The matrix R. In this section, we consider a particular choice of the matrix R in the definition of our two–level FETI algorithm. It is given in terms of local vectors.

Following [2], we define a set of local functions that depend on the particular problem solved. We consider a substructure Ω_i and the solution ϕ_i to the following adjoint local problem: Find ϕ_i ∈ X_i such that

a^h_{Ωi} (v_i, ϕ_i) = ∫ Ω_i

v_i dx, v ∈ X_i.

We then consider the following definition:

Definition 3.1. The local functions {r_i ∈ W_i, i = 1, . . . , N} are defined as

r_i := ϕ_i, restricted to Γ_i.

The global functions R_i are obtained by extending the local vectors r_i by zero outside ∂Ω_i.

We note that other choices are possible; see, e.g., [10] and [2, Sect. 4]. We could, e.g., choose r_i as a constant function on Γ_i. We have chosen to use the functions of Definition 3.1 since, for convection–dominated problems, they perform better than the constants in our numerical tests (the results are not presented here).

3.3. Some choices for the scaling matrix Q. Particular scaling matrices are often employed for FETI methods in order to improve their convergence properties. In [16, 25], some suitable matrices are employed for FETI methods for problems where the matrix S of local Schur complements has a non–vanishing kernel. The central idea of many of these choices is to make the scaling matrix as similar as possible or equal to the preconditioner ^M^{−1}. In [33], a different scaling matrix is considered for a problem where the matrix S is invertible; see [10]. There, such a matrix ensures that a scalable FETI method can be found for an edge element approximation on non–matching grids.

Our first choice for Q is simply the identity matrix. Our second choice is similar to that in [33]. We define the block–diagonal matrix

Q_1 := (BD^{−1}B^t)^{−1}.

(20)

Our third choice for Q is more in the spirit of [16, 25] and is defined by

Q_2 := N∑ i=1 (BD^{−1}B^t)^{−1} B_iD^{−1}_i K^{BB}_i D^{−1}_i B^t_i (BD^{−1}B^t)^{−1}.

(21)

We note that Q_2 is obtained from the expression of the preconditioner ^M^{−1}, by replacing the local Schur complements S_i with the diagonal blocks K^{BB}_i of the local stiffness matrices.

4. Numerical experiments. We now present some numerical results for three test problems in two dimensions. We are primarily interested in the performance of our algorithm when varying the mesh size, the number of subdomains, the ratio between the advective and diffusive coefficients, and the type of vector field a.

Our numerical results have been obtained with Matlab 5.3, using the mesh generator in the package PDETool, which, once a domain and a decomposition into subdomains are specified, creates a conforming, unstructured mesh, such that the subdomain boundaries do not cut through the elements. For this reason, for different partitions, the meshes that we have obtained are not exactly equal, but they can be made similar and with a comparable number of elements.

For the stabilization function δ(h_t), we have followed [21]. For every triangle t ∈ T_h, let the local Peclet number be

P e_t := h_t ‖a‖_{t;∞} 2ν , with ‖a‖_{t;∞} := sup_{x∈t} |a(x)|, and

δ(h_t) := τ h_t 2 ‖a‖_{t;∞}

, if P e_t ≥ 1,

τ h^2_t 4 ν , if P e_t < 1.

In our experiments, we have considered the value τ = 0.7.

We have employed GMRES without restart. As a stopping criterion, we require the l^2–norm of the residual of the system F λ = d to be reduced by a factor 10^{−6}. Other stopping criteria have been proposed for FETI methods for symmetric, positive– definite problems; see, e.g., [16, 10].

For the test problems considered, we also present a comparison with the Robin– Robin method developed in [2]; see also [1]. As we will show, our method and that of [2] give comparable numbers of iterations. However, some caution must be used in this comparison, since two different linear systems are solved. The Robin–Robin algorithm is a preconditioned iterative method in the conforming space ~X for problem (10), which involves the primal variable u. The FETI algorithm, on the other hand, is a preconditioned iterative method for problem (13) for the dual variable λ. Once an approximation for λ is found, an approximation for the primal variable u can be calculated; the approximate solution u^k that we obtain satisfies the equilibrium equation Su^k + B^tλ^k = g exactly, and is in general discontinuous, since the residual considered in the FETI algorithm is equal to the jumps of our approximate solution:

Bu^k = d − F λ^k .

As the two methods employs different stopping criteria, some care should then be used in the comparison. In a future work, we intend to address the issue of the stopping criterion for FETI methods for convection–dominated problems in more detail.

4.1. Thermal boundary layer. We first consider a thermal boundary layer problem: see, e.g., [17, 40]. We choose Ω = (−1, 1)^2 and the parallel velocity field a = ( 1 + y 2 , 0 ) ;

Fig. 1. Thermal boundary layer problem. The flow field (left) and the solution for ν = 0.01 (right).

see Figure 1. We consider the following Dirichlet conditions on ∂Ω:

u = 1 { x = −1, −1 < y ≤ 1, y = 1, −1 ≤ x ≤ 1, u = 0, y = −1, −1 ≤ x ≤ 1, u = 1 + y 2 , x = 1, −1 ≤ y ≤ 1,

and the values f = 0 and c = 10^{−4}. The solution for ν = 0.01 is shown in Figure 1. We note that there are two boundary layers along ∂Ω.

In Table 1, we show the number of iterations for FETI–1 and FETI–2 for different choices of Q, versus the viscosity ν. We consider partitions into 4×4, 8×8, and 16×16 equal square substructures.

For large values of the viscosity, our algorithms exhibit convergence properties similar to most of domain decomposition methods for symmetric, coercive problems; see, e.g., [37]. The number of iterations increases with the number of subdomains for the one–level algorithm, but, with a suitable coarse problem, the number of iterations is independent of the number of subdomains. For smaller values of the viscosity (ν ≤ 0.01), the difference between FETI–1 and FETI–2s becomes smaller. In particular, for the 16 and 64 subdomains cases, the iteration counts are the same for the two classes of algorithms. For the 256 subdomains case, the FETI–2 algorithms show a slight improvement with respect to FETI–1.

In addition, we note that for a fixed number of substructures, the number of iterations appears to converge to a constant value as ν tends to zero, for the four algorithms considered. For the 16 and 64 subdomains cases, these values are approximately the same for the four algorithms. For the 256 subdomains case, the number of iterations of FETI–1 is a little higher than those of the FETI–2 algorithms. We note that, for convection–dominated problems and parallel flows, this is the same behavior as exhibited by some other iterative substructuring methods, see, e.g., [9, 40, 3], and some preconditioned iterative methods based on incomplete factorizations, see, e.g., [36]. We conclude that the FETI–2 algorithms do not seem to present any considerable advantage over FETI–1 for the choices of Q considered in section 3.3.

In Table 2, we present some results for different meshes. An initial mesh consists of ν no cs Q = I Q = Q_1 Q = Q_2 1 13 11 10 11 0.1 13 11 11 11 0.01 9 9 9 9 0.001 10 10 10 10 1e-04 11 11 11 10 1e-05 11 12 11 10 1e-06 11 12 10 10

ν no cs Q = I Q = Q_1 Q = Q_2 1 44 9 9 9 0.1 34 11 10 10 0.01 16 13 13 13 0.001 16 15 14 15 1e-04 18 18 17 18 1e-05 19 19 18 19 1e-06 19 19 18 19

ν no cs Q = I Q = Q_1 Q = Q_2 1 159 8 8 7 0.1 98 10 9 9 0.01 38 18 18 18 0.001 33 27 27 27 1e-04 46 38 38 40 1e-05 51 42 41 45 1e-06 51 42 41 45

Table 1 Thermal boundary layer. FETI method. Number of GMRES iterations to decrease the residual norm by a factor 10^{−6}, versus the viscosity ν, for FETI–1 (first columns) and FETI–2 with different choices of the scaling matrix Q. Cases of 16 (first table), 64 (second table), and 256 (third table) substructures, with meshes consisting of 1792, 1920, and 1984 elements, respectively.

480 triangles and we make three successive uniform refinements. We show the number of iterations versus the viscosity ν, for the case of 64 substructures and FETI–1 and FETI–2 with Q = I, for four different meshes. We note that our iteration counts appear to be bounded as the mesh–size becomes smaller. In particular, for viscosities ν ≤ 0.001, both FETI–1 and FETI–2 converge faster once the mesh is refined enough. Note also the relative large number of iterations for a very coarse mesh (480 elements). This is a similar behavior as that of some other iterative substructuring methods see, e.g., [9, 40, 3, 2].

We finally report some results obtained with the one– and two–level Robin–Robin algorithms described in [2]. For the same test problem, Table 3 shows the number of iterations versus the viscosity ν. We consider the same partitions and meshes as before. By comparing the values in Tables 1 and 3, we observe that the FETI and the Robin–Robin methods give very similar iteration counts. We refer to [25], for some theoretical and algorithmic connections between the two families of methods for symmetric, positive–definite problems.

elem. ν = 1 ν = 0.1 ν = 0.01 ν = 0.001 ν = 1e − 04 ν = 1e − 05 ν = 1e − 06 480 43 32 16 24 32 36 37 1920 44 34 16 16 18 19 19 7680 46 36 17 14 16 18 17 30720 47 38 19 14 15 17 17

elem. ν = 1 ν = 0.1 ν = 0.01 ν = 0.001 ν = 1e − 04 ν = 1e − 05 ν = 1e − 06 480 8 10 14 21 27 29 29 1920 9 11 13 15 18 19 19 7680 11 12 15 13 16 17 17 30720 13 14 16 13 14 16 16

Table 2 Thermal boundary layer. FETI method. Number of GMRES iterations to decrease the residual norm by a factor 10^{−6}, versus the viscosity ν, for different meshes, for FETI–1 (first table) and FETI–2 with Q = I (second table). Case of 64 substructures.

16 substr. 64 substr. 256 substr. ν 1 lev. 2 lev. 1 lev. 2 lev. 1 lev. 2 lev. 1 13 10 44 9 163 7 0.1 13 12 34 12 97 9 0.01 10 9 16 13 37 17 0.001 11 10 16 16 33 28 1.e-04 11 12 19 19 46 42 1.e-05 11 11 20 20 50 47 1.e-06 11 11 20 20 50 48

Table 3 Thermal boundary layer. Robin–Robin method. Number of GMRES iterations to decrease the residual norm by a factor 10^{−6}, versus the viscosity ν, for the one–level (first columns) and the two–level algorithm (second columns). Cases of 16, 64, and 256 substructures, with meshes consisting of 1792, 1920, and 1984 elements, respectively.

4.2. Variable flow field. We next consider a more complicated flow; see [36] for a similar test case. We choose Ω = (−1, 1)^2 and a discontinuous Dirichlet data that is advected inside Ω by the flow field a = 1 2 ( (1 − x^2)(1 + y), −(4 − (1 + y)^2)x ) ; see Figure 2. The Dirichlet conditions are defined by

u = 1, y = −1, −1 < x < 0, u = 0, elsewhere.

We have chosen the values f = 0 and c = 10^{−4}. The solution for ν = 0.01 is shown in Figure 2. We note that there are boundary layers along ∂Ω.

In Table 4, we show the number of iterations for FETI–1 and FETI–2 for different choices of Q, versus the viscosity ν. We consider the same partitions into 4 × 4, 8 × 8, and 16 × 16 substructures.

We first note that for the diffusion–dominated case, we observe a similar behavior as in the previous test case, where a coarse space is quite useful if the number of

Fig. 2. Variable flow field. The flow field (left) and the solution for ν = 0.01 (right).

subdomains is large; see Table 1. For values of ν between 10^{−2} and 10^{−4}, the numbers of iterations for the one– and the two–level algorithms are very similar, as in the case of the thermal boundary layer problem. On the other hand, for smaller values of ν, the FETI–2 algorithm with Q = I shows a relatively larger improvement with respect to FETI–1. We remark that considerable worse results are obtained using Q_1 or Q_2 for convection–dominated cases. In this case as well, the numbers of iterations appear to be bounded as ν goes to zero. We note that, for convection–dominated problems, this is the same behavior exhibited by some preconditioned iterative methods based on incomplete factorizations for similar flows, see [36].

In Table 5, we present some results for the same meshes considered in the previous test case. For the case of 64 substructures and FETI–1 and FETI–2 with Q = I, we show the numbers of iterations versus the viscosity ν, for four different meshes. The results in Table 5 are similar to those in Table 2 and, in this case as well, our iterations counts appear to be bounded as the mesh–size becomes smaller.

We finally report some results obtained with the Robin–Robin algorithms in [2]. For the same test problem, Table 6 shows the number of iterations versus the viscosity ν. By comparing the values in Tables 4 and 6, we observe that for this test problem as well, the FETI and the Robin–Robin methods give very similar iteration counts, except for the case of 256 substructures and extremely high Reynolds numbers, where the two–level FETI method with Q = I gives better results.

We conclude this section with some remarks on the two test cases considered so far. Our FETI algorithms perform very well for convection–dominated problems and, when the mesh–size goes to zero, the number of iterations appears to be bounded. Moreover, for parallel flows, a coarse space does not appear to be necessary. We have found a similar behavior for different types of parallel flows and, more generally, for flows with no closed streamlines (other results are not presented here).

4.3. Rotating flow field. We now consider a difficult test case with a flow with some closed streamlines. We choose Ω = (−1, 1)^2 and a discontinuous Dirichlet data that is advected inside Ω by the rotating flow field

a = (y, −x) ;

ν no cs Q = I Q = Q_1 Q = Q_2 1 14 11 11 11 0.1 14 12 11 11 0.01 10 10 10 10 0.001 12 12 12 11 1e-04 14 14 14 14 1e-05 14 14 14 14 1e-06 14 14 14 14 1e-07 14 14 14 14

ν no cs Q = I Q = Q_1 Q = Q_2 1 44 9 9 9 0.1 29 12 11 11 0.01 18 17 17 16 0.001 22 21 20 22 1e-04 28 23 26 28 1e-05 35 25 33 33 1e-06 44 26 30 31 1e-07 40 25 30 32

ν no cs Q = I Q = Q_1 Q = Q_2 1 125 8 8 7 0.1 66 12 12 10 0.01 40 31 30 26 0.001 49 45 40 43 1e-04 73 60 69 68 1e-05 87 71 81 85 1e-06 87 68 72 89 1e-07 88 69 78 89

Table 4 Variable flow field. FETI method. Number of GMRES iterations to decrease the residual norm by a factor 10^{−6}, versus the viscosity ν, for FETI–1 (first columns) and FETI–2 with different choices of the scaling matrix Q. Cases of 16 (first table), 64 (second table), and 256 (third table) substructures, with meshes consisting of 1792, 1920, and 1984 elements, respectively.

see Figure 3. We consider the following Dirichlet conditions on ∂Ω:

u = 1 y = −1, 0 < x ≤ 1, y = 1, 0 < x ≤ 1, x = 1, −1 ≤ y ≤ 1, u = 0, elsewhere,

and the values f = 0 and c = 10^{−4}. The solution for ν = 0.01 is shown in Figure 3. As also noted in [2], this case is quite difficult, since even in the convection–dominated regime, diffusion is the only mechanism that propagates the information from the boundary of the domain into its center.

In Table 7, we show the number of iterations for FETI–1 and FETI–2 for different choices of Q, versus the viscosity ν. As before, we consider partitions into 4 × 4, 8 × 8, and 16 × 16 substructures.

elem. ν = 1 ν = 0.1 ν = 0.01 ν = 0.001 ν = 1e − 04 ν = 1e − 05 ν = 1e − 06 480 43 29 22 34 44 42 42 1920 44 29 18 22 28 35 44 7680 46 30 19 19 22 28 30 30720 48 32 21 17 20 24 25

elem. ν = 1 ν = 0.1 ν = 0.01 ν = 0.001 ν = 1e − 04 ν = 1e − 05 ν = 1e − 06 480 8 12 20 27 37 37 37 1920 9 12 17 21 23 24 25 7680 11 13 17 18 20 25 25 30720 12 15 18 16 20 23 25

Table 5 Variable flow field. FETI method. Number of GMRES iterations to decrease the residual norm by a factor 10^{−6}, versus the viscosity ν, for different meshes, for FETI–1 (first table) and FETI–2 with Q = I (second table). Case of 64 substructures.

16 substr. 64 substr. 256 substr. ν 1 lev. 2 lev. 1 lev. 2 lev. 1 lev. 2 lev. 1 14 11 45 9 127 7 0.1 14 12 29 12 66 9 0.01 10 10 19 17 41 23 0.001 12 12 23 21 50 42 1.e-04 14 14 28 24 73 60 1.e-05 15 15 34 27 86 74 1.e-06 15 15 38 27 88 93 1.e-07 15 15 36 27 88 85

Table 6 Variable flow field. Robin–Robin method. Number of GMRES iterations to decrease the residual norm by a factor 10^{−6}, versus the viscosity ν, for the one–level (first columns) and the two– level algorithm (second columns). Cases of 16, 64, and 256 substructures, with meshes consisting of 1792, 1920, and 1984 elements, respectively.

For the diffusion–dominated case, we observe a similar behavior as in the previous test cases, where a coarse space is quite useful if the number of subdomains is large; see Tables 1 and 4. For the 16 and 64 subdomains cases, the numbers of iterations still appear to be bounded as the viscosity becomes small, but the numbers in this case are larger than previously. In addition, when the number of subdomains becomes quite large, our methods exhibit poor convergence properties for convection–dominated cases; cf. the 256 subdomains case.

We also note that the FETI–2 methods present some improvement with respect to FETI–1, and that the best choice for the scaling matrix Q appears to be Q_2 for this test case. We recall that the best choice for the previous test case is Q = I.

In Table 8, we present some results for the same meshes considered in the previous test cases. For the case of 64 substructures and FETI–1 and FETI–2 with Q = Q_2, we show the number of iterations versus the viscosity ν, for four different meshes. The iteration counts still appear to be bounded as the mesh–size becomes smaller, for ν ≥ 0.001. However, they do not appear to be uniformly bounded, when the viscosity

Fig. 3. Rotating flow field. The flow field (left) and the solution for ν = 0.01 (right).

decreases further.

We finally report some results obtained with the Robin–Robin algorithms in [2]. For the same test problem, Table 9 shows the number of iterations versus the viscosity ν. By comparing the values in Tables 7 and 9, we observe that also for this test problem, the FETI and the Robin–Robin methods give similar iteration counts, except for the two–level algorithms for the cases of 256 substructures and ν ≤ 10^{−4}, where the two–level FETI algorithms require more than 200 iterations.

5. Conclusions. We have considered one– and two–level FETI methods for the solution of linear systems arising from the finite element approximation of scalar advection–diffusion problems. Using ideas similar to those of a recently developed Neumann–Neumann algorithm, we have modified the local problems by adding certain boundary terms, which have the effect of making the local problems stable.

We have presented some numerical arguments for three significant test problems and offer the following conclusions.

• For flows without closed streamlines, both the one– and two–level methods are optimal and the number of iterations tends to a constant value as the viscosity becomes small. The number of iterations increases with the number of subdomains, but our numerical results remain very good even for very large numbers of subdomains. In addition, for parallel flows, a coarse space correction does not appear to be necessary.

• For rotating flows, our methods appear to be optimal if the viscosity is not too small. For a fixed mesh, the number of iterations tends to a constant value as the viscosity becomes small, if the number of subdomains is not too large. A coarse space correction improves convergence for convection–dominated problems.

• In our experiments, we obtain iteration counts that are very similar to those for the corresponding Robin–Robin methods in [2], and the two families of methods have similar computational costs.

• For the two–level FETI method, a suitable scaling matrix can improve the convergence in some cases, and the best choice of such a matrix appears to depend on the particular flow considered.

Acknowledgments. The author is grateful to Axel Klawonn and Olof Widlund for enlightening discussions of his work.

ν no cs Q = I Q = Q_1 Q = Q_2 1 14 11 11 11 0.1 16 12 12 12 0.01 28 23 22 22 0.001 50 45 45 50 1e-04 75 69 72 68 1e-05 83 77 80 76 1e-06 85 79 81 77

ν no cs Q = I Q = Q_1 Q = Q_2 1 44 10 9 9 0.1 34 11 11 10 0.01 45 27 24 23 0.001 82 68 62 60 1e-04 124 111 105 99 1e-05 135 121 113 109 1e-06 138 123 115 111

ν no cs Q = I Q = Q_1 Q = Q_2 1 119 9 8 8 0.1 67 16 13 12 0.01 95 63 51 32 0.001 >200 176 174 144 1e-04 >200 >200 >200 >200 1e-05 >200 >200 >200 >200 1e-06 >200 >200 >200 >200

Table 7 Rotating flow field. FETI method. Number of GMRES iterations to decrease the residual norm by a factor 10^{−6}, versus the viscosity ν, for FETI–1 (first columns) and FETI–2 with different choices of the scaling matrix Q. Cases of 16 (first table), 64 (second table), and 256 (third table) substructures, with meshes consisting of 1792, 1920, and 1984 elements, respectively.

elem. ν = 1 ν = 0.1 ν = 0.01 ν = 0.001 ν = 1e − 04 ν = 1e − 05 ν = 1e − 06 480 43 33 39 73 86 92 92 1920 44 34 45 82 124 135 138 7680 46 36 50 93 163 >200 >200 30720 48 38 53 93 >200 >200 >200

elem. ν = 1 ν = 0.1 ν = 0.01 ν = 0.001 ν = 1e − 04 ν = 1e − 05 ν = 1e − 06 480 7 10 25 59 77 82 84 1920 9 10 23 60 99 109 111 7680 11 12 24 63 134 191 195 30720 12 14 26 70 182 >200 >200

Table 8 Rotating flow field. FETI method. Number of GMRES iterations to decrease the residual norm by a factor 10^{−6}, versus the viscosity ν, for different meshes, for FETI–1 (first table) and FETI–2 with Q = Q_2 (second table). Case of 64 substructures.

16 substr. 64 substr. 256 substr. ν 1 lev. 2 lev. 1 lev. 2 lev. 1 lev. 2 lev. 1 14 10 44 9 122 7 0.1 15 12 34 11 66 10 0.01 25 22 44 24 93 33 0.001 48 43 80 58 >200 106 1.e-04 74 65 121 93 >200 183 1.e-05 82 74 134 103 >200 193 1.e-06 83 75 136 105 >200 194

Table 9 Rotating flow field. Robin–Robin method. Number of GMRES iterations to decrease the residual norm by a factor 10^{−6}, versus the viscosity ν, for the one–level (first columns) and the two– level algorithm (second columns). Cases of 16, 64, and 256 substructures, with meshes consisting of 1792, 1920, and 1984 elements, respectively.

REFERENCES

[1] Yves Achdou and Frédéric Nataf. A Robin–Robin preconditioner for an advection–diffusion problem. C.R. Acad. Sci. Paris, (325):1211–1216, 1997.

[2] Yves Achdou, Patrick Le Tallec, Frédéric Nataf, and Marina Vidrascu. A domain decomposition preconditioner for an advection–diffusion problem. Comp. Methods Appl. Mech. Eng., 2000. To appear.

[3] Ana Alonso, R. Loredana Trotta, and Alberto Valli. Coercive domain decomposition algorithms for advection–diffusion equations and systems. J. Comp. Appl. Math., 96:51–76, 1998.

[4] Andreas Auge, Gert Lube, and Frank Christian Otto. A non–overlapping decomposition method with adaptive interface conditions for elliptic problems. In Proceedings of the 8th GAMM- Seminar, Braunschweig, Wiesbaden, 1997. Vieweg-Verlag.

[5] Xiao-Chuan Cai, William D. Gropp, and David E. Keyes. A comparison of some domain decomposition algorithms for nonsymmetric elliptic problems. In David E. Keyes, Tony F. Chan, Gérard A. Meurant, Jeffrey S. Scroggs, and Robert G. Voigt, editors, Fifth International Symposium on Domain Decomposition Methods for Partial Differential Equations, pages 224–235, Philadelphia, PA, 1992. SIAM.

[6] Xiao-Chuan Cai and Olof Widlund. Domain decomposition algorithms for indefinite elliptic problems. SIAM J. Sci. Statist. Comput., 13(1):243–258, January 1992.

[7] Xiao-Chuan Cai and Olof Widlund. Multiplicative Schwarz algorithms for some nonsymmetric and indefinite problems. SIAM J. Numer. Anal., 30(4):936–952, August 1993.

[8] Claudio Carlenzoli and Alfio Quarteroni. Adaptive domain decomposition methods for advection–diffusion problems. In Modeling, mesh generation, and adaptive numerical methods for partial differential equations, IMA Volumes in Mathematics and its Applications, volume 75, Berlin, 1995. Springer-Verlag.

[9] Marie Claude Ciccoli. Adaptive domain decomposition algorithms and finite volume/finite element approximation for advection–diffusion equations. J. Sci. Comput., 11(4):299–341, 1996.

[10] Charbel Farhat, Po-Shu Chen, and Jan Mandel. A scalable Lagrange multiplier based domain decomposition method for time-dependent problems. Int. J. Numer. Meth. Eng., 38:3831– 3853, 1995.

[11] Charbel Farhat, Po-Shu Chen, Jan Mandel, and François-Xavier Roux. The two–level FETI method II. Extension to shell problems, parallel implementation and performance results. Comp. Methods Appl. Mech. Eng., 155:153–179, 1998.

[12] Charbel Farhat, Antonini Macedo, Michel Lesoinne, Francois-Xavier Roux, Frédéric Magoulés, and Armel de La Bourdonnaie. Two-level domain decomposition methods with Lagrange multipliers for the fast iterative solution of acoustic scattering problems. Technical Report CU-CAS-98-18, College of Engineering, University of Colorado at Boulder, August 1998. To appear in Comput. Methods Appl. Mech. Engrg.

[13] Charbel Farhat and Jan Mandel. The two–level FETI method for static and dynamic plate problems I. An optimal iterative solver for biharmonic systems. Comp. Methods Appl.

20 A. TOSELLI

Mech. Eng., 155:129–151, 1998.

[14] Charbel Farhat, Jan Mandel, and François-Xavier Roux. Optimal convergence properties of the FETI domain decomposition method. Comp. Methods Appl. Mech. Eng., 115:367–388, 1994.

[15] Charbel Farhat and François-Xavier Roux. A method of Finite Element Tearing and Interconnecting and its parallel solution algorithm. Int. J. Numer. Meth. Eng., 32:1205–1227, 1991.

[16] Charbel Farhat and François-Xavier Roux. Implicit parallel processing in structural mechanics.

In J. Tinsley Oden, editor, Computational Mechanics Advances, volume 2 (1), pages 1–124. North-Holland, 1994.

[17] Leopoldo P. Franca, Sergio L. Frey, and Thomas J.R. Hughes. Stabilized finite element methods:

I. Application to the advective–diffusive model. Comp. Methods Appl. Mech. Eng., 95:253– 276, 1992.

[18] Fabio Gastaldi, Lucia Gastaldi, and Alfio Quarteroni. Adaptive domain decomposition methods for advection–diffusion problems. East-West J. Numer. Math., 4:165–206, 1996.

[19] Thomas Grauschopf, Michael Griebel, and Hans Regler. Additive multilevel–preconditioners based on bilinear interpolation, matrix dependent geometric coarsening and algebraic multigrid coarsening for second order elliptic PDEs. Appl. Num. Math., 23:63–95, 1997. Also available as SFB report 342/02/96A, Institut für Informatik, TU Mnchen.

[20] Michael Griebel, Tilman Neunhoeffer, and Hans Regler. Algebraic multigrid methods for the solution of the Navier–Stokes equations in complicated domains. Int. J. Numer. Methods for Heat and Fluid Flow, 26:281–301, 1998. Also available as SFB report 342/1/96A, Institut für Informatik, TU Mnchen.

[21] Thomas J.R. Hughes, Leopoldo P. Franca, and Gregory M. Hulbert. A new finite element formulation for computational fluid dynamics: VIII. The Galerkin/least–squares method for advective–diffusive equations. Comp. Methods Appl. Mech. Eng., 73:173–189, 1989.

[22] Caroline Japhet. Optimized Krylov-Ventcell method. Application to convection-diffusion problems. In Petter E. Bjørstad, Magne S. Espedal, and David E. Keyes, editors, Proceedings of the 9th international conference on domain decomposition methods, pages 382–389. ddm.org, 1998.

[23] Caroline Japhet, Frédéric Nataf, and François-Xavier Roux. Extension of a coarse grid preconditioner to non–symmetric problems. In J. Mandel, C. Farhat, and X.-C. Cai, editors, Proceedings of the 10th international conference on domain decomposition methods, pages 279–286. AMS, Contemporary Mathematics 218, 1998.

[24] Claes Johnson. Numerical Solutions of Partial Differential Equations by the Finite Element Method. Cambridge University Press, Cambridge, 1987.

[25] Axel Klawonn and Olof B. Widlund. FETI and Neumann–Neumann iterative substructuring methods: connections and new results. Technical Report 796, Department of Computer Science, Courant Institute, December 1999. Submitted to Comm. Pure Appl. Math.

[26] Jan Mandel and Radek Tezaur. Convergence of a substructuring method with Lagrange multipliers. Numer. Math., 73:473–487, 1996.

[27] Jan Mandel, Radek Tezaur, and Charbel Farhat. A scalable substructuring method by Lagrange multipliers for plate bending problems. SIAM J. Numer. Anal., 36(5):1370–1391, 1999.

[28] Frédéric Nataf and Franco̧is Rogier. Factorization of the convection-diffusion operator and the Schwarz algorithm. M^3AS, 5(1):67–93, 1995.

[29] Frédéric Nataf, Franco̧is Rogier, and Eric de Sturler. Optimal interface conditions for domain decomposition methods. Technical Report 301, CMAP (Ecole Polytechnique), 1994.

[30] Frédéric Nataf, Franco̧is Rogier, and Eric de Sturler. Domain decomposition methods for fluid dynamics. In A. Sequeira, editor, Navier–Stokes Equations and Related Nonlinear Analysis, pages 367–376. Plenum Press Corporation, 1995.

[31] Alfio Quarteroni and Alberto Valli. Numerical approximation of partial differential equations.

Springer-Verlag, Berlin, 1994.

[32] Alfio Quarteroni and Alberto Valli. Domain Decomposition Methods for Partial Differential Equations. Oxford Science Publications, 1999.

[33] Francesca Rapetti and Andrea Toselli. A FETI preconditioner for two dimensional edge element approximations of Maxwell’s equations on non-matching grids. Technical Report 797, Department of Computer Science, Courant Institute, January 2000. Submitted to Siam J. Sci. Comp.

[34] Daniel Rixen and Charbel Farhat. A simple and efficient extension of a class of substructure based preconditioners to heterogeneous structural mechanics problems. Int. J. Numer. Meth. Eng., 44:489–516, 1999.

[35] Youcef Saad and Martin H. Schultz. GMRES: A generalized minimal residual algorithm for solving nonsymmetric linear systems. SIAM J. Sci. Stat. Comp., 7:856–869, 1986.

[36] Yin-Tzer Shih and Howard C. Elman. Iterative methods for stabilized discrete convection– diffusion problems. Technical report, Department of Computer Science, University of Maryland, College Park, 1998. Tech. Rep. UMCP-CSD/CS-TR-3890,.

[37] Barry F. Smith, Petter E. Bjørstad, and William Gropp. Domain Decomposition: Parallel Multilevel Methods for Elliptic Partial Differential Equations. Cambridge University Press, 1996.

[38] Radek Tezaur. Analysis of Lagrange multiplier based domain decomposition. PhD thesis, University of Colorado at Denver, 1998.

[39] Andrea Toselli and Axel Klawonn. A FETI domain decomposition method for Maxwell’s equations with discontinuous coefficients in two dimensions. Technical Report 788, Department of Computer Science, Courant Institute, 1999. Submitted to SIAM J. Numer. Anal.

[40] R. Loredana Trotta. Multidomain finite elements for advection–diffusion equations. Appl. Num.

Math., 21:91–118, 1996.