HIERARCHICAL A POSTERIORI ERROR ESTIMATORS FOR MORTAR FINITE ELEMENT METHODS WITH LAGRANGE MULTIPLIERS

BARBARA I. WOHLMUTH �

Abstract. Hierarchical a posteriori error estimators are introduced and analyzed for mortar finite element methods. A weak continuity condition at the interfaces is enforced by means of Lagrange multipliers. The two proposed error estimators are based on a defect correction in higher order finite element spaces and an adequate hierarchical two-level splitting. The first provides upper and lower bounds for the discrete energy norm of the mortar finite element solution whereas the second also estimates the error for the Lagrange multiplier. It is shown that an appropriate measure for the nonconformity of the mortar finite element solution is the weighted L2-norm of the jumps across the interfaces.

Key words. mortar finite elements, Lagrange multiplier, a posteriori error estimation, adaptive grid refinement

AMS subject classifications. 65N15, 65N30, 65N50, 65N55

1. Introduction. In this paper, we consider a special nonoverlapping domain decomposition method for the discretization of the following model problem

Lu := −div (a∇u) + b u = f in Ω, u = 0 on Γ := ∂Ω, (1.1)

where Ω is a bounded, polygonal domain in IR^2 and f ∈ L^2(Ω). Furthermore, we assume a = (a_{ij} )^2_{i,j=1} to be a symmetric, uniformly positive definite matrix-valued function with a_{ij} ∈ L^∞(Ω), 1 ≤ i, j ≤ 2, and 0 ≤ b ∈ L^∞(Ω). The largest eigenvalue of a restricted to a subset D ⊂ Ω is denoted by α_D.

The decomposition of Ω into nonoverlapping subdomains allows a more flexible numerical approach including a discontinuous finite element solution and geometrical nonmatching triangulations across the interfaces of the subdomains. In particular, our approach is based on a hybrid formulation which gives rise to a saddle point problem. A good overview of more general mortar finite element methods including also the coupling of spectral elements with finite elements can be found in [15] (see also [5, 6, 11, 12, 13, 14, 18, 21, 22, 26]).

Recently, a lot of work has been done on the construction of efficient iterative solvers based on multilevel techniques [1, 3, 4, 25, 27, 28], but in contrast, there are only a few papers considering adaptive refinement techniques and a posteriori error estimators. Bernardi and Maday [16] have proved a priori estimates for the case that the gridsize of the different subdomains is either H or 2^{−k}H. In [29], a residual based error indicator is presented but no lower bound for the true error is established. Finally in [33], a residual based error estimator is investigated.

This paper is organized as follows. In section 2, we briefly introduce a special mortar finite element discretization. We review well-known a priori estimates for the discretization with conforming finite elements in each subdomain, and we then consider the nonconformity of the discrete ansatz space in detail. A relation between the weighted L^2-norm of the jumps across the interfaces and the nonconformity is established.

In sections 3 and 4, we present two different hierarchical basis a posteriori error estimators. Both of them are based on a defect correction in a higher order space and a hierarchical twolevel splitting. This type of error estimator is well known for standard conforming discretizations

�Courant Institute of Mathematical Sciences, 251 Mercer Street, New York, N.Y. 10012, USA and Math. Institute, University of Augsburg, D-86135 Augsburg, Germany. E–mail: wohlmuth@cs.nyu.edu, wohlmuth@math.uni-augsburg.de. This work was supported in part by the Deutsche Forschungsgemeinschaft. 1

[10, 19, 20, 31]. An excellent overview of different techniques can be found in [31] (see also the references therein).

Section 3 is devoted to the construction of a hierarchical basis type error estimator for the energy norm of the error. We first consider the continuous defect problem with Dirichlet boundary conditions on each subdomain. In the next step, we replace the continuous problem by a discrete one in a higher order space, and the exact by adequate discrete boundary conditions. These simplifications are based on saturations assumptions which are motivated by certain a priori estimates. To obtain upper and lower bounds for the error, we additionally have to take the nonconformity of the mortar finite element solution into account.

In section 4, we introduce what we will call a fully hierarchical error estimator. Here, not only the energy norm of the error is measured but also that of the Lagrange multiplier. We note that a more general concept of hierarchical error estimators including saddle point formulations is presented in [9]. Error estimators for mixed finite element methods can be found in [2, 9, 24, 33]. In case of our fully hierarchical error estimator, the nonconformity of the mortar finite element solution enters in the error estimator in a natural way.

Finally in section 5, we present some numerical results illustrating the adaptive refinement process and the performance of the error estimators. In particular, we consider the influence of the choice of the Lagrange multiplier on the error and the adaptively generated mesh. We find that the Lagrange multiplier should preferably be defined on the side of the interface where the coefficient a of the partial differential equation is smaller.

2. A priori estimates. The initial domain Ω is decomposed into non-overlapping subdomains Ω_k, 1 ≤ k ≤ K Ω = K⋃ k=1 Ω_k with Ω_l ∩ Ω_k = ∅, k ≠ l.

We restrict ourselves to the geometrical conforming situation where the intersection between the boundary of any two different subdomains ∂Ω_l ∩ ∂Ω_k, k ≠ l, and ∂Ω_l ∩ ∂Ω is either empty, a vertex or a common edge, and we also assume that the subdomains are polygons. The interface between two subdomains is denoted by Γ_{lk} = Γ_{kl} := ∂Ω_l ∩ ∂Ω_k and n_{lk} stands for the unit normal from Ω_l towards Ω_k. The union of all interfaces is called the skeleton S := ⋃_K k,l=1 Γlk. In each subdomain

Ω_k we use conforming P_n finite elements associated with a shape regular simplicial triangulation T_{hk} . E_{hk} and P_{hk} stand for the sets of edges and vertices of the triangulation T_{hk} , respectively. The set of all triangles, vertices and edges is denoted by T_h, P_h and E_h, respectively. We do not require that the triangulations, T_{hi} and T_{hj} , coincide on the interface Γ_{ij} .

In the following, S_n(Ω_k; T_{hk} ) is the standard conforming P_n space defined locally on Ω_k by S_n(Ω_k; T_{hk} ) := {v ∈ C(Ω_k) | v|_T ∈ P_n(T ), T ∈ T_{hk} , v|_{∂Ω∩∂Ωk} = 0} . Let X^{−1}_{n;h}(Ω) be the global product space given by

X^{−1}_{n;h}(Ω) := K∏ k=1 S_n(Ω_k; T_{hk} ).

In general, the mortar finite element solutions do not satisfy a pointwise continuity across the interfaces, but some weak continuity conditions have to be imposed in terms of Lagrange multipliers which are defined on the skeleton. Each interface Γ_{ij} = Γ_{ji}, inherits two 1D triangulations, one from T_{hi} and one from T_{hj} . Without any restriction of generality, we will select T_{hi} for the definition of the space of Lagrange multipliers. In the following, the side where the Lagrange multiplier is defined will be called the nonmortar side, and the opposite the mortar side. With this choice, the skeleton can be uniquely decomposed into the union of the edges of the nonmortar sides: S = ⋃ e∈E_L e, E_L := {e ∈ E_h| ∃i, j 1 ≤ i ≤ K, j ∈ M(i) such that e ∈ E_{hi} ∩ Γ_{ij} } where M(i) := {1 ≤ j ≤ K| nonmortar side of Γ_{ij} associated with Ω_i} (see Fig. 2.1).

Fig. 2.1. Lagrange multiplier space for n = 1

The space W_{n;h}(S) of Lagrange multiplier is now defined as

W_{n;h}(S) :=^K ∏ i=1 ∏ j∈M(i) W_n(Γ_{ij} ; T_{hi} ) W_n(Γ_{ij} ; T_{hi} ) := {v ∈ C(Γ_{ij} ) | v|_e ∈ P_n(e), e ∈ E_{hi} ∩ Γ_{ij} , v|_e ∈ P_{n−1}(e), if e contains an endpoint of Γ_{ij} } .

Then, the mortar finite element solution (u_n, λ_n) ∈ X^{−1}_{n;h}(Ω) × W_{n;h}(S) is defined as the unique solution of the saddle point problem a (u_n, v) + b (λ_n, v) = (f, v)_0, v ∈ X^{−1}_{n;h}(Ω), b (μ, u_n) = 0, μ ∈ W_{n;h}(S). (2.1)

The bilinear forms a (·, ·) and b (·, ·) are given by a (v, w) := K∑ i=1 a_i (v, w) , a_i (v, w) := ∫ Ω_i a ∇v · ∇w + b v w dx, v, w ∈ K∏ i=1 H^1(Ω_i),

b (μ, w) := K∑ i=1 ∑ j∈M(i) ∫ Γ_{ij} μ [w]_J dσ, w ∈ K∏ i=1 H^1(Ω_i), μ ∈ K∏ i=1 ∏ j∈M(i) H^{− 12} (Γ_{ij} )

with the jump across Γ_{ij} given by [w]_J := w|_{Ωj} − w|_{Ωi} . The broken energy norm is defined as |||v|||^2 := a (v, v), v ∈ ∏_k i=1 H^1(Ω_i). In the following, the constants 0 < c ≤ C < ∞ are generic constants which depend on the local ratio of the eigenvalues of the coefficient matrix a, the local ratio of α_T and h^2_T b|_T , the shape regularity of the initial triangulation and the order n of the finite element ansatz space but not on the refinement level.

If the solution (u, λ) of the continuous saddle point problem a (u, v) + b (λ, v) = (f, v)_0, v ∈^k ∏ i=1 H^1_{0;∂Ωi ∩∂Ω}(Ω_i), b (μ, u) = 0, μ ∈^K ∏ i=1 ∏ j∈M(i) H^{− 12} (Γ_{ij} ),

(2.2)

is smooth enough, we obtain the following a priori estimate |||u − u_n|||^2 + ‖λ − λ_n‖^2_{H−1/2⋆} ≤ C(n) k∑ i=1 h^{2n}_i ‖u‖^2_{n+1;Ωi} (2.3)

(see, e.g., [11, 15, 16]). Here, ‖ · ‖_H−1/2_⋆ stands for the dual norm of ∏_K i=1 ∏ j∈M(i) H −1/2 00 (Γ_{ij} ), i.e.

‖μ‖_H−1/2_⋆ := sup

v∈^KQ_{i=1} Q_{j∈M(i)} H^{1/2}_{00} (Γ_{ij} ) (v, μ) ‖v‖_H1/2_{00} ,

where ‖v‖^2_{H1/200} := ∑_K i=1 ∑ j∈M(i) αΩi ‖v‖ 2 H^{1/2}_{00} (Γ_{ij} ). Sometimes it is more convenient to use a mesh

dependent norm ‖ · ‖_L for the Lagrange multiplier

‖v‖^2_L := ∑ e∈E_L h_e α_e ‖v‖^2_{0;e}, v ∈ L^2(S) (2.4)

and the corresponding discrete dual norm ‖v‖^2_{L−1} := ∑ e∈E_L α_e h_e ‖v‖ 2 0;e. The weight α_e, e ⊂ Γ_{ij} , is defined by α_e := α_T , where T ∈ T_{hi} and e ⊂ ∂T . Note that the mesh dependent norm requires higher regularity of the Lagrange multiplier than the H^{−1/2}-norm.

Lemma 2.1. A discrete Babuška-Brezzi condition holds ‖μ‖_L ≤ β(n) sup v∈X^{−1}_{n;h} (Ω) b (μ, v) |||v||| , μ ∈ W_{n;h}(S) (2.5)

for the mesh dependent norm ‖ · ‖_L. The same type of a priori estimate as in (2.3) holds if the solution (u, λ) is smooth enough:

|||u − u_n|||^2 + ‖λ − λ_n‖^2_L ≤ C(n) k∑ i=1 h^{2n}_i ‖u‖^2_{n+1;Ωi} . (2.6)

Proof. In a first step, we define a positive, continuous, piecewise linear function g ∈ W_{1;h}(S). We use that each element of W_{1;h}(S) is uniquely determined by its values at the interior vertices of Γ_{ij} , 1 ≤ i ≤ K, j ∈ M(i). g reflects the weights of the mesh dependent norm and is given by

g(p) := 1 2 ( h_{e1} α_{e1} + h_{e2} α_{e2} ) , ē_1 ∩ ē_2 = p

where p is an interior vertex of Γ_{ij} , 1 ≤ i ≤ K, j ∈ M(i) and e_1, e_2 ∈ E_L. Let P_{Γij} be the L^2-projection onto W^0_n (Γ_{ij} ; T_{hi} ) := {v ∈ C(Γ_{ij} ) | v|_e ∈ P_n(e), e ∈ E_{hi} ∩ Γ_{ij} , v(p) = 0 if p is an endpoint of Γ_{ij} } defined by ∫ Γ_{ij} μ v dσ = ∫ Γ_{ij} μ P_{Γij} v dσ, μ ∈ W_n(Γ_{ij} ; T_{hi} ). Due to the stability of P_{Γij} with respect to the mesh dependent L^2-norm ‖ · ‖_L−1 and the shape regularity of the triangulation, we obtain ‖P_{Γij} (g μ)‖_L−1 ≤ C‖g μ‖_L−1 ≤ C‖μ‖_L (2.7) and ‖μ‖^2_L ≤ C K∑ i=1 ∑ j∈M(i) (μ, g μ)_{0;Γij} = C K∑ i=1 ∑ j∈M(i) (μ, P_{Γij} (g μ))_{0;Γij} ≤ C‖P_{Γij} (g μ)‖_L−1 · ‖μ‖_L. (2.8)

For each μ ∈ W_{n;h}(S) there exists a v_μ ∈ X̃^{−1}_{n;h}(Ω) with X̃^{−1}_{n;h}(Ω) := {v ∈ X^{−1}_{n;h}(Ω) | v|_{Ωj ∩Γij} = 0, 1 ≤ i ≤ k, j ∈ M(i)}, such that c|||v_μ||| ≤ ‖[v_μ]_J ‖_L−1 holds and the jump of v_μ across Γ_{ij} is equal to P_{Γij} (g μ), 1 ≤ i ≤ K, j ∈ M(i). Then, (2.7) and (2.8) yield ‖μ‖_L ≤ C b (μ, v_μ) ‖μ‖_L ≤ C b (μ, v_μ) ‖[v_μ]_J ‖_L−1 ≤ C b (μ, v_μ) |||v_μ||| and thus estimate (2.5) holds.

The proof of the a priori estimate (2.6) is based on the approximation property in the mesh dependent norm: inf μ∈W_{n;h}(S) ‖λ − μ‖_L ≤ C(n) k∑ i=1 h^{2n}_i ‖u‖^2_{n+1;Ωi} . (2.9)

In our next step, we have to consider ‖λ_n − μ‖_L in more detail. The first equation of the saddle point problems (2.1) and (2.2) yields b (λ_n − μ, v) = a (u − u_n, v) + b (λ − μ, v) , v ∈ X^{−1}_{n;h}(Ω) and thus

‖λ_n − μ‖_L ≤ C |||u − un||| + ‖λ − μ‖L sup_{v∈X −1} n;h(Ω) inf w∈X−1n;h(Ω) [w]J =[v]J ‖[w]_J ‖_L−1 |||w||| (2.10)

which together with the approximation property (2.9) gives the a priori estimate (2.6).

The nonconformity of a finite element w ∈ X^{−1}_{n;h}(Ω) can be measured by inf v∈H^1_0 (Ω) ‖w − v‖_1 where ‖ · ‖_1 denotes the broken H^1-norm on Ω. The following lemma shows a relation between the jumps of w ∈ X^{−1}_{n;h}(Ω) along the interfaces and the nonconformity.

Lemma 2.2. Let w ∈ X^{−1}_{n;h}(Ω) satisfy

b (μ, w) = 0, μ ∈ W_{1;h}(S). (2.11)

Then, there exists a constant 0 < C_J independent of the refinement level such that ∑ e∈E_L α_e h_e ‖[w]_J ‖^2_{0;e} ≤ C_J |||w − v|||^2, v ∈ H^1_0 (Ω).

Proof. We consider the L^2-orthogonal projection operator Π_{Γij} : L^2(Γ_{ij} ) −→ W_1(Γ_{ij} ; T_{hi} ), defined by ∫ Γ_{ij} Π_{Γij} vμ dσ = ∫ Γ_{ij} vμ dσ, μ ∈ W_1(Γ_{ij} ; T_{hi} ).

Then, there exits a constant C̃_J independent of i and j, 1 ≤ i ≤ K, j ∈ M(i) such that ∑ e∈E_L∩Γ_{ij} 1 h_e ‖v − Π_{Γij} v‖^2_{0;e} ≤ C̃_J |v|^2_{1/2;Γij} , v ∈ H^{1/2}(Γ_{ij} ). (2.12)

This property can easily be seen by using ∑ e∈E_L∩Γ_{ij} 1 h_e ‖v − Π_{Γij} v‖^2_{0;e} ≤ 2 ∑ e∈E_L∩Γ_{ij} 1 h_e ‖v − Qv‖^2_{0;e} + ∑ e∈E_L∩Γ_{ij} 1 h_e ‖Π_{Γij} (Qv − v)‖^2_{0;e} .

Here Q denotes a locally defined quasi-interpolant, and we also use the stability of Π_{Γij} with respect to the weighted norm. Assumption (2.11) guarantees that Π_{Γij} (w|_{Ωi} ) = Π_{Γij} (w|_{Ωj} ) and we can conclude that for v ∈ H_0(Ω) ∑ e∈E_L α_e h_e ‖ [w]J ‖ 2 0;e = ∑ e∈E_L α_e h_e ‖ [ w − v − Π_{Γij} (w − v) ] J ‖^2_{0;e} ≤ 2C̃_J K∑ i=1 ∑ j∈M(i) ( α_{Ωi} |w|_{Ωi} − v|^2_{1/2;Γij} + α_{Ωj} |w|_{Ωj} − v|^2_{1/2;Γij} ) ≤ C_J |||w − v|||^2

where | · |_{1/2;Γij} is the standard H^{1/2}-seminorm on Γ_{ij} .

Remark 2.1: The constant C_J depends on the ratio of the eigenvalues of a along the interfaces. In case that the Lagrange multiplier is defined on the side where a is smaller, we obtain a smaller constant.

Remark 2.2: For Lemma 2.2 it is sufficient that the jump of w ∈ X^{−1}_{n;h}(Ω) is orthogonal to W_{1;h}(S) with respect to the bilinear form b (·, ·).

To introduce a posteriori error estimators, we restrict ourselves to the lowest order mortar finite elements, n = 1. However our results can be easily extended to the higher order case.

3. A Hierarchical Basis Error Estimator on Subdomains. In this section, we present a hierarchical basis error estimator which is based on a defect correction in an appropriate higher order space, a hierarchical splitting, as well as some localization techniques, cf., e.g., [9, 10, 19, 20, 31]. For standard conforming finite element discretizations there are basically two ways to obtain such an error estimator. One of them follows Bank and Weiser [10], where the defect problem is first localized and then discretized. Secondly, using the ideas of Deuflhard, Leinen, Yserentant [19], the resulting continuous defect problem is first discretized and then localized. These concepts have been generalized for nonconforming Crouzeix-Raviart, [23], and mixed Raviart-Thomas discretizations, [2, 24, 32]. Here, we will use a combination of both techniques.

In a first step, the continuous defect problem will be localized for each subdomain Ω_i, 1 ≤ i ≤ K. We then use a higher order finite element discretization as well as an approximation of the exact Neumann data given by the Lagrange multipliers in the solution of a boundary value problem on each subdomain. Finally, the same decoupling techniques as in [19] are applied to obtain one scalar equation for each edge of the subdomains. To obtain an efficient and reliable error estimator, we additionally have to take the jump of the mortar finite element solution across the interfaces into account.

3.1. Saturation assumptions. A characteristic feature of hierarchical basis error estimators is that they are based on adequate saturation assumptions. Here, we need two different types of saturation assumptions. The first concerns the approximation of the normal derivative: inf μ∈W_{1;h} (S) ‖λ − μ‖_L + inf_{μ∈W1;h (S)} ‖λ − μ‖_H−1/2_⋆ ≤ Ĉ_h|||u − u_1|||, Ĉ_h > 0 (3.1) with Ĉ_h ≤ Ĉ_∞ < ∞. This assumption and (2.10) at once yield inf μ∈W_{1;h} (S) ‖λ − λ_1‖_L ≤ C_∞|||u − u_1||| with a constant 0 < C_∞ < ∞. The same type of estimate as in (2.10) holds for the dual norm ‖ · ‖_H−1/2_⋆ (see, e.g., [11]) and thus inf μ∈W_{1;h} (S) ‖λ − λ_1‖_H−1/2_⋆ ≤ C_∞|||u − u_1|||. In addition to (3.1), we need a second saturation assumption which is related to higher order finite elements. We consider the space of conforming piecewise quadratic finite elements on each subdomain with homogeneous boundary conditions

S_{2;0}(Ω_i; T_{hi} ) := {v ∈ S_2(Ω_i; T_{hi} ) | v|_{∂Ωi} = 0} .

If we assume that the weak solution u is continuous on Ω, we can define the Dirichlet boundary condition of a discrete finite element solution pointwise. Let u_{2;i} ∈ S_2(Ω_i; T_{hi} ), 1 ≤ i ≤ K be the conforming piecewise quadratic solution of the following variational problem on Ω_i:

a_i (u_{2;i}, v) = (f, v)_{0;Ωi} , v ∈ S_{2;0}(Ω_i; T_{hi} ) (3.2)

with u_{2;i} given on the boundary ∂Ω_i by

u_{2;i}(x) := u(x). (3.3)

Here x is either a vertex of P_i ∩∂Ω_i or the midpoint of an edge e ∈ E_i ∩∂Ω_i. Then, unique solvability of the variational problem (3.2) is guaranteed and if the weak solution is smooth enough, the error u − u_{2;i} in the energy norm |||u − u_{2;i}|||_{Ωi} is of order O(h^2_i ). This well known a priori estimate motivates the saturation assumption |||u − u_{2;i}|||_{Ωi} ≤ β_{hi} |||u − u_1|||_{Ωi} (3.4) with β_{hi} ≤ β_∞ where β_∞ has to be small enough.

3.2. Definition of the Error Estimator. The main problem with the variational problem (3.2) is that the boundary data are unknown. Therefore, u_{2;i} cannot be used as an efficient and reliable error estimator. A first step towards the definition of such an error estimator is to use an adequate approximation of the boundary values. It is natural to select the Lagrange multiplier λ_1 as Neumann boundary condition. As we will see, this simplification is justified by the saturation assumption (3.1).

Let ε_i ∈ S_2(Ω_i; T_{hi} ), 1 ≤ i ≤ K be the conforming piecewise quadratic solution of the following variational problem on Ω_i:

a_i (ε_i, v) = r_i(v) := (f, v)_{0;Ωi} − a_i (u_1, v) − b (λ_1, ṽ) , v ∈ S_2(Ω_i; T_{hi} ) (3.5)

where ṽ ∈ L^2(Ω), ṽ|_{Ωi} = v, and ṽ|_{Ω\Ωi} = 0. Let ε ∈ ∏_K i=1 S_2(Ω_i; T_{hi} ) with ε|_{Ωi} = ε_i. For each interior subdomain Ω_i, ∂Ω_i ∩ ∂Ω = ∅ with b ≡ 0, ε_i is only defined up to a constant and we therefore require ∫ Ω_i ε_i dx = 0.

Then, it is easy to verify that

a_i (ε_i, v) = 0, v ∈ S_1(Ω_i; T_{hi} ). (3.6)

We are now in the standard conforming situation on Ω_i with Neumann boundary data. It is well known, [19], that in (3.5), the coupling between S_1(Ω_i; T_{hi} ) and the hierarchical quadratic bubble surplus can be neglected. Therefore, there exist constants C_{con} > c_{con} > 0, independent of the refinement level, such that c_{con} ∑ e∈E_{hi} \∂Ω |||γ_eΦ_e|||^2_{Ωi} ≤ |||ε_i|||^2_{Ωi} ≤ C_{con} ∑ e∈E_{hi} \∂Ω |||γ_eΦ_e|||^2_{Ωi} , 1 ≤ i ≤ K (3.7)

where γ_e ∈ IR is defined as

γ_e = r_i(Φ_e) a_i (Φ_e, Φ_e) , e ∈ E_{hi} \ ∂Ω. Here the bubble function Φ_e living on Ω_i, is associated with the midpoint of the edge e ∈ E_{hi} . Unfortunately, we obtain only a lower bound for the error |||u − u_1||| by means of |||ε|||. Therefore, we have to include a further term in the definition of a reliable and efficient error estimator. The hierarchical basis error estimator is defined locally by:

η^2_H := ∑ T ∈T_h η^2_{H;T} ,

η^2_{H;T} := ∑ e⊂∂T \∂Ω w_e|||γ_eΦ_e|||^2_{Ωi} + ∑ e⊂∂T ∩E_L α_e h_e ‖ [u1]J ‖ 2 0;e, T ∈ T_h, where w_e = 0.5 if e is an interior edge of a subdomain Ω_i and w_e = 1 otherwise.

Theorem 3.1. Under the weak saturation assumptions (3.1) and (3.4) there exist constants 0 < c_{hier} < C_{hier} independent of the refinement level, such that c_{hier} η^2_H ≤ |||u − u_1|||^2 ≤ C_{hier} η^2_H . Proof. The upper bound for the error estimator can be established easily. Due to Lemma 2.2 and (3.7) we need to consider only |||e||| in detail. The Galerkin orthogonality (3.6) yields |||ε|||^2 = K∑ i=1 a_i (ε_i, ε_i − v) = K∑ i=1 a_i (u − u_1, ε_i − v) − b (λ_1 − λ, ε − v) , v ∈ X^{−1}_{1;h}(Ω).

The special choice v = Iε, where I is the Lagrange interpolant defined locally on each subdomain, guarantees that (ε − Iε)|_{Γij} ∈ H^{1/2}_{00} (Γ_{ij} ). By means of the saturation assumption (3.1) and ‖[ε − Iε]_J ‖_H1/2_{00} ≤ C_I |||ε − Iε|||_{Ωi} , we conclude that |||e|||^2 ≤ |||u − u_1||||||ε − Iε||| + ‖λ_1 − λ‖_H−1/2_⋆ ‖ [ε − Iε]_J ‖_H1/2_{00} ≤ C_I |||u − u_1||| · |||ε|||. Hence, the upper bound for η_H is proved with a constant which also depends on the choice of the mortar side and on the ratio of the eigenvalues of a in the individual subdomains. The saturation assumption (3.4) guarantees the following equivalence 1 1 + β_∞ |||û − u_1||| ≤ |||u − u_1||| ≤ 1 1 − β_∞ |||û − u_1||| where û|_{Ωi} = u_{2;i}. Furthermore, we obtain on each subdomain Ω_i

|||u_{2;i} − u_1|||^2_{Ωi} = a_i (ε_i, u_{2;i} − u_1) + a_i (u_{2;i} − u, u_{2;i} − u_1) + b (λ_1 − λ, u_{2;i} − u_1) , where u_{2;i} is extended to zero on Ω_j , j ≠ i. Since (u − u_{2;i})|_{Γij} ∈ H^{1/2}_{00} (Γ_{ij} ), we obtain

b (λ_1 − λ, û − u_1) = b (λ_1 − λ, û − u − u_1) ≤ ‖λ_1 − λ‖_H−1/2_⋆ ‖[û− u]_J ‖_H1/2_{00} + ‖λ_1 − λ‖_L + ‖[u_1]_J ‖_L−1 .

Summing over all subdomains, we finally get, by means of a trace theorem, (3.1), and (3.4), |||û − u_1|||^2 ≤ (|||ε||| + C_∞‖[u_1]_J ‖_L−1 + (1 + cC_∞)|||u − û|||)|||û − u_1|||. If β_∞ is small enough, the error estimator provides an upper bound for energy norm of the error.

Remark 3.1: The constants in the upper and lower bound are better if the Lagrange multiplier is defined on the side where the eigenvalues of the diffusion coefficient a in (1.1) are smaller.

4. A Fully Hierarchical Basis Error Estimator. In the previous section, we have studied a hierarchical basis error estimator η_H for the broken energy norm of the error u − u_1. Its design was mainly based on the decoupling of the subdomains and on the use of appropriate Neumann boundary conditions.

A more general framework for hierarchical based error estimators is presented in [9]. In particular, the results obtained for elliptic variational problems are applied on saddle point formulations. We also refer to [2, 24, 32] where hierarchical error estimators for mixed finite elements are considered. In this section, we consider a fully hierarchical basis error estimator where we will use the higher order mortar ansatz space X^{−1}_{2;h}(Ω) for the approximation of the weak solution u and the space W_{2;h}(S) for a better approximation of the normal derivative.

Motivated by the a priori error estimate (2.6), we will use the following saturation assumption

|||u − u_2|||^2 + ‖λ − λ_2‖^2_L ≤ β^2_h(|||u − u_1|||^2 + ‖λ − λ_1‖^2_L) (4.1)

where 0 < β^2_h ≤ β^2 < 1/2. Under this assumption, (u_2 −u_1, λ_2 −λ_1) yields upper and lower bounds of the error (u − u_1, λ − λ_1)

(1+β^2) ( |||u − u_1|||^2 + ‖λ − λ_1‖^2_L ) ≤ |||u_2 −u_1|||^2 +‖λ_2 −λ_1‖^2_L ≤ (1+2β^2) ( |||u − u_1|||^2 + ‖λ − λ_1‖^2_L ) . (4.2) In addition, (u_2 − u_1, λ_2 − λ_1) satisfies the following discrete defect problem:

a (u_2 − u_1, v) + b (λ_2 − λ_1, v) = r_1(v), v ∈ X^{−1}_{2;h}(Ω),

b (μ, u_2 − u_1) = r_2(v), μ ∈ W_{2;h}(S)

(4.3)

where r_1(v) := (f; v)_0 − a (u_1, v) − b (λ_1, v) and r_2(μ) := −b (μ, u_1). Then, it is obvious that r_1(v) = 0 for v ∈ X^{−1}_{1;h}(Ω) and that r_2(μ) = 0 for μ ∈ W_{1;h}(S).

It is sufficient to consider the solution of the variational problem (4.3) in more detail. Unfortunately, it is a global saddle point problem and its exact solution cannot be obtained locally. We therefore need to construct an adequate approximation of u_2 −u_1 and λ_2 −λ_1 which can be easily computed, and that is, at the same time, equivalent to (u_2 − u_1, λ_2 − λ_1).

A first step towards the definition of an efficient and reliable a posteriori error estimator is the introduction of a hierarchical splitting of the spaces

X^{−1}_{2;h}(Ω) = X^{−1}_{1;h}(Ω) ⊕ ^X^{−1}_{2;h}(Ω), ^X^{−1}_{2;h}(Ω) := K⨁ k=1 ⨁ e∈E_k \∂Ω span{Φ_e}

where Φ_e denotes the quadratic bubble function associated with the midpoint of e. The support of Φ_e, e ∈ E_k is restricted to Ω_k. The ansatz space for the Lagrange multiplier is decomposed according to

W_{2;h}(S) = W_{1;h}(S) ⊕ ^W_{2;h}(S), ^W_{2;h}(S) := ⨁ e∈E_L span{Ψ_e}

where Ψ_e is the one dimensional quadratic bubble function associated with e, if e contains no endpoint of an interface Γ_{ij} , and Ψ_e is the linear hat function associated with p otherwise. In the case that e contains two endpoints of an interface, we select only one of the two hat functions (see Fig. 4.1).

Fig. 4.1. Basis functions of the hierarchical surplus cW2;h(S)

Based on this splitting, we consider the following modified saddle point problem on the hierarchical surplus space: Find (u_e, λ_e) ∈ ^X^{−1}_{2;h}(Ω) × ^W_{2;h}(S) such that

a (u_e, v) + b (λ_e, v) = r_1(v), v ∈ ^X^{−1}_{2;h}(Ω), b (μ, u_e) = r_2(v), μ ∈ ^W_{2;h}(S). (4.4)

We will show that the solution of the variational problem (4.3) can be replaced by that of (4.4), and that (u_e, λ_e) still yields upper and lower bounds for the error. The equivalence of the saddle point problems (4.3) and (4.4) is obtained by a strengthened Cauchy-Schwarz inequality and the stability of the discrete saddle point problem (4.3) with respect to a mesh dependent norm. The natural norm for the Lagrange multiplier will be replaced by ‖ · ‖_L , see definition (2.4). Associated with ‖ · ‖_L is the weighted bilinear form (·, ·)_L which is defined by

(μ, ξ)_L := ∑ e∈E_L h_e α_e ∫ e μ ξ dσ, μ, ξ ∈ W_{2;h}(S). The strengthened Cauchy-Schwarz inequalities have to be established between the functions of the original space and those of the hierarchical surplus spaces.

Lemma 4.1. There exist constants 0 < η_1, η_2 < 1 independent of the refinement level such that the following strengthened Cauchy-Schwarz inequalities hold

a (v, w)^2 ≤ η^2_1 |||v|||^2 |||w|||^2, v ∈ X^{−1}_{1;h}(Ω), w ∈ ^X^{−1}_{2;h}(Ω) (4.5)

(μ, ξ)^2_L ≤ η^2 ‖μ‖^2_L ‖ξ‖^2_L, μ ∈ W_{1;h}(S), ξ ∈ ^W_{2;h}(S). (4.6)

Proof. The strengthened Cauchy-Schwarz inequality (4.5) is well known [19]. Taking the local structure of the ansatz space ^X^{−1}_{2;h}(Ω) into account, we easily get ∫ e μ ξ dσ ≤ √ 5 6 ‖μ‖_{0;e}‖ξ‖_{0;e} and thus (4.6) holds with η^2 =^5_6 .

For the stability, we need to consider the bilinear form b (·, ·) in more detail; the discrete Babus̆ka-Brezzi condition is essential for the proof of the equivalence between (u_e, λ_e) and (u_2 − u_1, λ_2 − λ_1).

Lemma 4.2. The bilinear form b (·, ·) is continuous on ^X^{−1}_{2;h}(Ω) × W_{2;h}(S) b (μ, v) ≤ C_c‖μ‖_L|||v|||, v ∈ ^X^{−1}_{2;h}(Ω), μ ∈ W_{2;h}(S) (4.7) with a constant C_c independent of h. In addition a discrete Babus̆ka-Brezzi condition holds sup_{v∈X} |||v|||≠0 b (μ, v) |||v||| ≥ c_s‖μ‖_L, μ ∈ V, (4.8)

where X × V ∈ {X^{−1}_{2;h}(Ω) × W_{2;h}(S), ^X^{−1}_{2;h}(Ω) × ^W_{2;h}(S)} and the constant c_s is independent of the refinement level.

Proof. By the definition of ‖ · ‖_L and ‖ · ‖_L−1 , we obtain immediately b (μ, v) ≤ ‖μ‖_L‖ [v]_J ‖_L−1 , μ, [v]_J ∈ L^2(S), and ‖ [v]_J ‖_L−1 ≤ C_c|||v||| for v ∈ ^X^{−1}_{2;h}(Ω). Thus, (4.7) is established.

The Babus̆ka-Brezzi bound for X × V = X^{−1}_{2;h}(Ω) × W_{2;h}(S) has been established in Lemma 2.1. In case of X × V = ^X^{−1}_{2;h}(Ω) × ^W_{2;h}(S), we can choose [v]_J |_e = h_eα^{−1}_e μ|_e on each edge e ∈ E_l which does not contain an endpoint of an interface. We get (4.8) by recalling that μ|_e ∈ P_1(e) on the edges e containing one endpoint of an interface, and by following the same lines of arguments as in the proof of Lemma 2.1, we get (4.8).

The following theorem states the equivalence of the solution of the defect problem in the hierarchical surplus (u_e, λ_e) and the solution of the original discrete defect problem (u_2−u_1, λ_2−λ_1).

Theorem 4.3. Under the saturation assumption (4.1), there exit constants 0 < c_f ≤ C_f , such that c_f (|||u_e|||^2 + ‖λ_e‖^2_L) ≤ |||u − u_1|||^2 + ‖λ − λ_1‖^2_L ≤ C_f (|||u_e|||^2 + ‖λ_e‖^2_L). Proof. The proof is basically based on the discrete Babuška-Brezzi condition (4.8) and the strengthened Cauchy-Schwarz inequality (4.5). By means of the saturation assumption (4.1), it is sufficient to show the equivalence of |||u_e|||^2 + ‖λ_e‖^2_L and |||u_2 − u_1|||^2 + ‖λ_2 − λ_1‖^2_L. In a first step, we establish the lower bound. Taking the stability of the saddle point problem (4.4), the continuity of the bilinear form b (·, ·) on ^X^{−1}_{2;h}(Ω) × W_{2;h}(S), and Lemma 2.2 into account, we obtain

c(|||u_e|||^2 + ‖λ_e‖^2_L)^{1/2} ≤ sup_{v∈} cX−1_{2;h} (Ω) |||v|||≤1 a (u_e, v) + b (λ_e, v) + sup_{μ∈} cW_{2;h} (S) ‖μ‖L≤1 b (μ, u_e) = sup

v∈ cX−1_{2;h} (Ω) |||v|||≤1 r_1(v) + sup

μ∈ cW_{2;h} (S) ‖μ‖L≤1 r_2(μ)

= sup

v∈ cX−1_{2;h} (Ω) |||v|||≤1 a (u_2 − u_1, v) + b (λ_2 − λ_1, v) + sup_{μ∈} cW_{2;h} (S) ‖μ‖L≤1 b (μ, u_2 − u_1)

≤ (1 + C_J )|||u_2 − u_1||| + C_c‖λ_2 − λ_1‖_L.

The upper bound follows from the stability of the saddle point problem (4.3), the continuity of the bilinear form b (·, ·) and Lemma 4.1. Let v = v_1 + v_2 and μ = μ_1 + μ_2, with v_1 ∈ X^{−1}_{1;h}(Ω), v_2 ∈ ^X^{−1}_{2;h}(Ω) and μ_1 ∈ W_{1;h}(S), μ_2 ∈ ^W_{2;h}(S), respectively. Then,

c(|||u_2 − u_1|||^2 + ‖λ_2 − λ_1‖^2_L)^{1/2} ≤ sup_{v∈X−1}

2;h (Ω) |||v|||≤1 a (u_2 − u_1, v) + b (λ_2 − λ_1, v) + sup_{μ∈W2;h(S)} ‖μ‖L≤1 b (μ, u_2 − u_1)

≤ sup v∈X−12;h (Ω) |||v|||≤1 r_1(v) + sup_{μ∈W2;h (S)} ‖μ‖L≤1 r_2(μ) = sup_{v∈X−1}

2;h (Ω) |||v|||≤1 r_1(v_2) + sup_{μ∈W2;h (S)} ‖μ‖L≤1 r_2(μ_2)

= sup v∈X−12;h (Ω) |||v|||≤1 a (u_e, v_2) + b (λ_e, v_2) + sup_{μ∈W2;h (S)} ‖μ‖L≤1 b (μ_2, u_e) ≤ (|||u_e||| + C_c‖λ_e‖_L) sup_{v∈X−1} 2;h (Ω) |||v|||≤1 |||v_2||| + C_c|||u_e||| sup_{μ∈W2;h (S)} ‖μ‖L≤1 ‖μ_2‖_L ≤ (_{1√} 1−η_1 + C_c √ 1−η_2 ) |||u_e||| +^{Cc√}_{1−η1} ‖λ_e‖_L.

In the next step, we have to localize the saddle point problem (4.4) defined on the hierarchical surplus. As in the previous section, we neglect the coupling between the quadratic bubble functions and replace the bilinear form a(·, ·) by ã(·, ·)

ã(ψ, ϕ) := K∑ i=1 ∑ e∈E_{hi} \∂Ω σ_eτ_ea(Φ_e, Φ_e), ϕ := K∑ i=1 ∑ e∈E_{hi} \∂Ω σ_eΦ_e, ψ := K∑ i=1 ∑ e∈E_{hi} \∂Ω τ_eΦ_e.

The following simplified saddle point problem leads to the definition of the fully hierarchical basis error estimator: Find (ũ_e, λ̃_e) ∈ ^X^{−1}_{2;h}(Ω) × ^W_{2;h}(S) such that

ã(ũ_e, v) + b(λ̃_e, v) = r_1(v), v ∈ ^X^{−1}_{2;h}(Ω), b (μ, ũ_e) = r_2(v), μ ∈ ^W_{2;h}(S). (4.9)

Then, the solution ũ_e can be written in the form

ũ_e = K∑ i=1 ∑ e∈E_{hi} \∂Ω γ̃_eΦ_e

and the coefficients γ̃_e are given by (4.9). The coefficients associated with the interior edges of the subdomains can be obtained by the formula

γ̃_e = r_1(Φ_e) a (Φ_e, Φ_e) . Remark 4.1: In the interior of each subdomain, we obtain the same formula, as in the previous section for the definition of the error estimator.

To get the coefficients γ̃_e associated with an edge on the skeleton and λ̃_e, we have to solve one global system on each interface Γ_{ij} . These systems are not coupled and are, in contrast to the original saddle point problem, associated, with an 1D triangulation; the dimension is small compared with the original global system. Additionally, the condition number does not depend on the refinement level. Therefore, the system can be solved approximately in a few iteration steps.

We now define the fully hierarchical basis error estimator locally by:

η^2_{F H} := ∑ T ∈T_h η^2_{F H;T} + η^2_{L;T} ,

η^2_{F H;T} := ∑ e⊂∂T \∂Ω w_e|||γ_eΦ_e|||^2_{Ωi} , η^2_{L;T} := ∑ e⊂∂T ∩E_L h_e α_e ‖ λ̃_e‖2_{0;e}, T ∈ T_h where w_e = 0.5 if e is an interior edge of some subdomain Ω_i and w_e = 1 otherwise.

Theorem 4.4. Under the saturation assumption (4.1), there exit constants c_{f ully} , C_{f ully} > 0 independent of the refinement level, such that c_{f ully} η^2_{F H} ≤ |||u − u_1|||^2 + ‖λ − λ_1‖^2_L ≤ C_{f ully} η^2_{F H} . Proof. The proof is an easy consequence of Theorem 4.3 and the equivalence of the bilinear forms a(·, ·) and ã(·, ·).

Considering the 1D subproblems on the interfaces in detail, we obtain the following algebraic system on the interfaces

D_M 0 B_λ 0 D_L D_λ B^T_λ D_λ 0 u_M u_L λ_L = r_M r_L r_λ ,

where the stiffness matrices starting with capital D stand for diagonal matrices. The index L refers to the nodes on the nonmortar side whereas the index M refers to those on the opposite mortar side. We recall, that the Lagrange multiplier is defined on the nonmortar side. Then, elimination of u_M and u_L gives ( D_λD^{−1}_L D_λ + B^T_λ D^{−1}_M B_λ ) λ_L = r̃. (4.10)

The first part of the Schur complement matrix D_λD^{−1}_L D_λ is a diagonal matrix whereas the second matrix, generally, is not.

We call an edge e ⊂ Γ_{ij} a macroedge if it can be written as e = ⋃ ê∈E_{hi} , ê⊂e ê, e ∈ E_{hj} or e = ⋃ ê∈E_{hj} , ê⊂e ê, e ∈ E_{hi} .

Fig. 4.2. Macroedge e on mortar side (left) or on nonmortar side (right)

Figure 4.2 shows the two different types of macroedges depending on the choice of the Lagrange multiplier. If two edges e_i ∈ E_{hi} and e_j ∈ E_{hj} are the same, e_i = e_j , we will designate only as a macroedge; the choice is arbitrary.

Fig. 4.3. Nonconforming initial triangulation

In the special case where we start with a geometrical conforming macrotriangulation and use some standard refinement techniques based on bisection of the edges [7, 8] to obtain the initial coarse triangulation, each interface is the union of its macroedges. This is not true if we start with a nonconforming initial triangulation (see Fig. 4.3) or if we use sliding meshes.

In case that the skeleton can be written as the union of macroedges, the second part of the Schur complement B^T_λ D^{−1}_M B_λ is blockdiagonal. The number of blocks of the Schur complement is given by the number of macroedges whereas the dimension of a single block, associated with the macroedge e, is given by n_e, where n_e is the number of its subedges. A closer look at the structure of the block systems shows that it can be easily solved explicitly. Thus, in this special case the use of the error estimator only requires the solution of local problems on the macroedges.

5. Numerical Results. In this section, we will present some numerical results illustrating the adaptive refinement process and the efficiency of the different error estimators. We consider the error estimators analyzed in section 3 and 4.

Starting from a coarse triangulation, the discretized saddle point problems are solved on each refinement level by a preconditioned iteration scheme [3, 25, 28]. For the adaptive refinement process, we use the bisection strategy proposed by Bänsch [7].

We apply the error estimators on two examples with discontinuous coefficients. We consider the diffusion equation −div a∇u = f, on (0, 1)^2, where the coefficient a is discontinuous. The unit square Ω is decomposed into four subdomains Ω_1 := {(x, y) ∈ Ω| x < y < 1 − x}, Ω_2 := {(x, y) ∈ Ω| y < x < 1 − y}, Ω_3 := {(x, y) ∈ Ω| x > y > 1 − x} and Ω_4 := {(x, y) ∈ Ω| 1 − y < x < y} and the coefficient a restricted to the subdomains Ω_i is given by a constant a_i, 1 ≤ i ≤ 4. The right hand side f and the Dirichlet boundary conditions are chosen to match a given exact solution. In the first example, the solution is u(x, y) = (y−x)(1−x−y)(x−0.5)^2(y−0.5)^2/a_i and a_1 = a_3 = 1, a_2 = a_4 = 100.

Figure 5.1 shows the adaptively generated triangulations for example 1. No matching between

Hierarchical Error Estimator Fully Hierarchical Error Estimator

Fig. 5.1. Adaptive refined triangulations (Example 1)

the triangulations at the interfaces is required. Strongly nonconforming global triangulations are generated by the adaptive process. This illustrates the advantage of the mortar method compared with a standard approach where only conforming triangulations are allowed.

Fig. 5.2. Nonmortar side where a is larger (Fully Hierarchical EE)

Figure 5.2 and Figure 5.3 show the influence of the choice of the Lagrange multiplier on the adaptively generated triangulations. We observe a completely different behavior during the first refinement steps. In the first case, we obtain a strong adaptive refinement along the nonmortar side at the beginning of the refinement process. However, asymptotically the adaptive refinement generates almost the same triangulations on the subdomains where the coefficient is smaller. In

Fig. 5.3. Nonmortar side where a is smaller (Fully Hierarchical EE)

Figures 5.1 and 5.3 the Lagrange multiplier are defined on the side where a is smaller. If the nonmortar side is chosen where a is larger, we obtain a triangulation which tends to be more conforming at the interfaces. In this case, the Lagrange multiplier is associated with the subdomain where the triangulation is coarser. This leads to poor approximation properties for the Neumann boundary condition, and we have to adapt the triangulation along the interface on the side where a is larger, see Fig. 5.2.

Table 5.1 Efficiency error for the fully hierarchical error estimator (Example 1)

Lagrange multiplier on a = 100 Lagrange multiplier on a = 1 level nodes est. err. real err. eff. in. nodes est. err. real err. eff. in.

0 24 0.173 0.287·10^{−1} 6.03 24 0.171 0.287·10^{−1} 5.96 1 42 0.338·10^{−1} 0.156·10^{−1} 2.17 42 0.169·10^{−1} 0.132·10^{−1} 1.28 2 88 0.224·10^{−1} 0.101·10^{−1} 2.23 92 0.604·10^{−2} 0.615·10^{−2} 0.981 3 144 0.916·10^{−2} 0.528·10^{−2} 1.73 172 0.303·10^{−2} 0.321·10^{−2} 0.945 4 492 0.148·10^{−2} 0.143·10^{−2} 1.03 364 0.189·10^{−2} 0.178·10^{−2} 1.06 5 1242 0.117·10^{−2} 0.846·10^{−3} 1.39 862 0.116·10^{−2} 0.107·10^{−2} 1.09 6 3128 0.546·10^{−3} 0.508·10^{−3} 1.07 2246 0.636·10^{−3} 0.619·10^{−3} 1.03 7 8374 0.307·10^{−3} 0.301·10^{−3} 1.02 5922 0.375·10^{−3} 0.371·10^{−3} 1.01

In Table 5.1, the efficiency index as well as the norm of the error is given for the different choices of the Lagrange multiplier. At the beginning the error is smaller in case where the nonmortar side is associated with a = 1. In both cases, the efficiency index tends to one within the adaptive refinement process.

The second example is more complicate (see [30]) and the solution u(x, y) = α_ir^{0.1} sin(0.1ϕ+θ_i) has a singularity at (x, y) = (0.5, 0.5). Here x = r · cos ϕ + 0.5, y = r · sin ϕ + 0.5 and ϕ ∈ [^π_4 ,^{9π}_4 ). The parameters of the subdomains Ω_i are given by α_1 = α_3 = 1, α_2 = α_4 = sin(2.1^π_4 )(sin(0.1^π_4 ))^{−1} and a_1 = a_3 = 1, a_2 = a_4 = α^2 and θ_1 = 0.9π, θ_2 = 1.35π, θ_3 = 1.8π, θ_4 = 0.45π. Then, the solution is continuous and [a_i∇un]_J is equal to zero on the interfaces.

Nonmortar side where a is smaller Nonmortar side where a is larger

Fig. 5.4. Hierarchical Error Estimator (Example 2)

Figures 5.4 and 5.5 show the influence of the choice of the Lagrange multiplier on the adaptive refinement process for the second example. Here, we use the hierarchical basis error estimator defined in section 3.

Nonmortar side where a is smaller Nonmortar side where a is larger

Fig. 5.5. Hierarchical Error Estimator - Zoom of final triangulation (Example 2)

If we compare the true error in Table 5.2, we find that in case where the nonmortar side is associated with the smaller coefficient a the number of nodes to obtain a given accuracy is considerably smaller. Therefore, to obtain better numerical results the Lagrange multiplier should be chosen on the side where the coefficient a is smaller. This can be also seen by a detailed a priori analysis; the constants in the estimates depend on the ratio of the coefficients restricted to the subdomains. We recall that the constants in the upper and lower a posteriori bounds are also

Table 5.2 Efficiency error for the hierarchical error estimator (Example 2)

Lagrange multiplier on a = 161.44 Lagrange multiplier on a = 1 level nodes est. err. real err. eff. in. nodes est. err. real err. eff. in.

0 60 16.4 8.43 1.95 60 5.97 8.43 0.708 1 108 10.2 7.28 1.41 132 4.55 6.39 0.712 2 162 9.95 6.41 1.55 168 4.06 5.69 0.715 3 252 8.03 5.73 1.40 220 3.64 5.09 0.715 4 366 4.09 5.14 0.794 274 3.29 4.60 0.716 5 444 3.42 4.65 0.737 344 2.99 4.17 0.718 6 522 2.99 4.23 0.708 416 2.74 3.80 0.721 7 600 2.68 3.86 0.695 488 2.52 3.48 0.726 8 696 2.43 3.54 0.687 560 2.34 3.20 0.731 9 780 2.23 3.25 0.686 632 2.17 2.95 0.737 10 872 2.06 3.00 0.686 710 2.02 2.73 0.742 11 944 1.91 2.78 0.690 814 1.88 2.52 0.747 12 1032 1.11 2.72 0.409 869 1.77 2.35 0.754 13 1808 0.908 2.48 0.366 1006 1.66 2.18 0.760

better if the nonmortar side is defined on the side where the eigenvalues of a are smaller, and the constants do not depend on the ratio of the eigenvalues on two subdomains sharing one interface.

Acknowledgments. The author would like to thank Professor Olof B. Widlund for his continuous help and for fruitful discussions.

REFERENCES

[1] G. Abdoulaev, Y. Kuznetsov, and O. Pironneau, The numerical implementation of the domain decomposition method with mortar finite elements for a 3D problem. Preprint, Laboratoire d’Analyse Numérique, Univ. Pierre et Marie Curie, Paris, 1996 [2] B. Achchab, A. Agouzal, J. Baranger and J.F. Maitre, Estimateur d’erreur a posteriori hiérarchique.

Application aux éléments finis mixtes. Preprint 212, Equipe d’Analyse Numérique, Ecole Centrale de Lyon, 1995 [3] Y. Achdou and Y. Kuznetsov, Substructuring preconditioners for finite element methods on nonmatching grids. East-West J. Numer. Math. 3 (1995), pp. 1-28.

[4] Y. Achdou, Y. Kuznetsov, and O. Pironneau, Substructuring preconditioners for the Q1 mortar element method. Numer. Math. 71 (1995), pp. 419-449.

[5] Y. Achdou, Y. Maday, and O. Widlund, Méthode iterative de sous-structuration pour les éléments avec joints. C. R. Acad. Sci., Paris, Ser. I 322 (1996), pp. 185-190.

[6] Y. Achdou, Y. Maday, and O. Widlund, Iterative Substructuring Preconditioners for Mortar Element Methods in Two Dimensions. Tech. Report 735, Courant Institute of Math. Sciences, New York, 1997 [7] E. Bänsch, Local mesh refinement in 2 and 3 dimensions. IMPACT of Computing in Science and Engrg. 3 (1991), pp. 181-191.

[8] R.E. Bank, A.H. Sherman und A. Weiser, Refinement algorithm and data structures for regular local mesh refinement. In: Scientific Computing, R. Stepleman et al. (eds.), pp. 3-17, IMACS North–Holland, Amsterdam, 1983 [9] R.E. Bank and R.K. Smith, A posteriori error estimates based on hierarchical bases. SIAM J. Numer. Anal.

30 (1993), pp. 921-935.

[10] R.E. Bank and A. Weiser, Some a posteriori error estimators for elliptic partial differential equations. Math.

Comp. 44 (1985), pp. 283-301 [11] F. Ben Belgacem, The Mortar finite element method with Lagrange multipliers. Preprint, Laboratoire d’Analyse Numérique, Univ. Pierre et Marie Curie, Paris, 1995 [12] F. Ben Belgacem and Y. Maday, Non-conforming spectral method for second order elliptic problems in 3D.

East-West J. Numer. Math. 1 (1993), pp. 235-251.

18 B. I. WOHLMUTH

[13] F. Ben Belgacem and Y. Maday, The mortar element method for three dimensional finite elements. to appear in Contemporary Mathematics (1997) [14] C. Bernardi, Y. Maday, and A.T. Patera, Domain decomposition by the mortar element method. In:

Asymptotic and numerical methods for partial differential equations with critical parameters. (H. Kaper et al., Eds.), pp. 269-286, Reidel, Dordrecht, 1993 [15] C. Bernardi, Y. Maday, and A.T. Patera, A new nonconforming approach to domain decomposition: The mortar element method. In: Nonlinear partial differential equations and their applications. (H. Brezis et al., Eds.), pp. 13-51, Paris, 1994 [16] C. Bernardi and Y. Maday, Raffinement de maillage en elements finis par la methode des joints. C. R.

Acad. Sci., Paris, Ser. I 320, No.3 (1995), pp. 373-377 .

[17] F. Bornemann, B. Erdmann, and R. Kornhuber, A posteriori error estimates for elliptic problems in two and three spaces dimensions. SIAM J. Numer. Anal, 33 (1996), pp. 1188-1204.

[18] M.Casarin and O. Widlund, A hierarchical preconditioner for the mortar finite element method. ETNA, 4 (1996), pp. 75-88.

[19] P. Deuflhard, P. Leinen und H. Yserentant, Concepts of an adaptive hierarchical finite element code.

IMPACT Comput. Sci. Engrg. 1 (1989), pp. 3-35.

[20] R. Duran and R. Rodriguez, On the asymptotic exactness of Bank-Weiser’s estimator. Numer. Math. 62 (1992), pp. 297-303.

[21] G. Haase, B. Heise, M. Kuhn and U. Langer, Adaptive domain decomposition methods for finite and boundary element equations. Preprint 95-2, Institute of Mathematics, Johannes Kepler University, Linz, 1995 [22] W. Hackbusch and R. Paul, Kopplung von Finite-Elemente- und Randelementmethoden für die numerische Simulation von piezokeramischen Strukturen. In: Mathematik - Schlüsseltechnologie für die Zukunft (K.- H. Hoffmann et al., Eds.), pp. 151-160, Springer-Verlag, Heidelberg, 1997 [23] R.H.W. Hoppe and B. Wohlmuth, Element-oriented and edge-oriented local error estimators for nonconforming finite element methods. RAIRO, Modelisation Math. Anal. Numer. 30 (1996), pp. 237-263 [24] R. Hoppe and B. Wohlmuth, A comparison of a posteriori error estimators for mixed finite element discretizations. to appear in Mathematics of Computation [25] Y. Iliash, Y. Kuznetsov, and Y. Vassilevski, Efficient parallel solvers for two dimensional potential flow and convection-diffusion problems on nonmatching grids. Preprint 357, Institute of Mathematics, University of Augsburg, 1996 [26] P. Le Tallec and T. Sassi, Domain decomposition with nonmatching grids: Augmented Lagrangian approach.

Math. Comput. 64 (1995), pp. 1367-139.

[27] P. Le Tallec, T. Sassi, and M. Vidrascu, Three-dimensional domain decomposition methods with nonmatching grids and unstructured coarse solvers. In: Domain decomposition methods in scientific and engineering computing (D. Keyes et al., Eds.), pp. 61-74, Pennsylvania, 1994 [28] Y. Kuznetsov and M.F. Wheeler, Optimal order substructuring preconditioners for mixed finite element methods on non-matching grids. East-West J. Numer. Math. 3 (1995), pp. 127-143.

[29] J. Pousin and T. Sassi, Adaptive finite element and domain decomposition with non matching grids. In: Proc.

2nd ECCOMAS Conf. on Numer. Meth. in Engrg., Paris, September 1996 (J.-A. Désidéri et al., Eds.), pp. 476-481, Wiley, Chichester, 1996 [30] U. Rüde and C. Zenger, On the treatment of singularities in the multigrid method. In: Lecture Notes in Mathematics 1228: Multigrid Methods II. Proc. of the 2nd European Conference on Multigrid Methods, Cologne, October 1-4, 1985 (W. Hackbusch and U. Trottenberg, Eds.), pp. 261-271, Springer-Verlag, Berlin, 1986 [31] R. Verfürth, A review of a posteriori error estimation and adaptive mesh-refinement techniques. Teubner- Verlag, Stuttgart, 1996.

[32] B. Wohlmuth, Adaptive Multilevel–Finite–Elemente Methoden zur Lösung elliptischer Randwertprobleme.

PhD thesis, TU München, 1995.

[33] B. Wohlmuth, A residual based error estimator for mortar finite element discretizations. Preprint 370, Institute of Mathematics, University of Augsburg, 1997