Dirichlet problem for the Schrödinger operator in a half-space with boundary data of arbitrary growth at infinity

Alexander I. Kheyfits

Courant Institute of Mathematical Sciences/New York University 251 Mercer Street, New York, NY 10012-1185

Abstract

We consider the Dirichlet problem for the Schrödinger operator in a half-space with boundary data having an arbitrary growth at infinity. A solution is constructed as the generalized Poisson integral. Uniqueness of the solution is investigated too.

1 Introduction. Statement of results

Denote X = (x, x_{n+1}), Y = (y, y_{n+1}), . . . , generic points of a half- space R^{n+1}_+ , n ≥ 1, where x, y ∈ R^n = ∂R^{n+1}_+ , and x_{n+1}, y_{n+1} > 0. Also let r =| X |, ρ =| Y | , θ = X/r, ψ = Y /ρ, where | · | is the euclidean metric. This article is devoted to the Dirichlet problem { L_cu(X) ≡ −Δu(X) + c(X)u(X) = 0 for X ∈ R^{n+1}_+ , u(x) = f(x) for e.a. x ∈ R^n, (1) where Δ is the Laplace operator; assumptions on the function (potential) c(X) will be formulated later.

Firstly let us consider the classical case c = 0. If the integral ∫ R^n | f(y) | (1+ | y |) −(n+1) dy converges, the solution of the problem (1) can be

written as (absolutely convergent) Poisson’s integral ∫ R^n f(y)P (| x − y |, x_{n+1}) dy, (2) –––––––––––––––––––––––––––––

(1991) AMS Subject Classification - 35J10; 35J25.

where P (t, x_{n+1}) = (2/σ_{n+1})x_{n+1}(x^2_{n+1} + t^2)^{−(n+1)/2}

is the harmonic Poisson’s kernel for the half-space and σ_{n+1} is the area of the unit sphere in R^{n+1}.

If the integral (2) diverges, a solution to the problem (1) can be given as some regularization of this integral. In particular, M. Finkelstein and D. Sheinberg [3] have constructed a solution to the problem (1) with an arbitrary continuous function f. This solution is the integral with a modified Poisson’s kernel derived by subtracting of some special harmonic polynomials from P (t, x_{n+1}). This methoda, ascending to the Wejerstrass’ theorem about canonical representations of entire functions, has been used by several authors - see e.g., [3, 4, 6, 7, 15, 16, 18]. If c = 0, D. Siegel [18] has studied the uniqueness of this solution to the problem (1) under the following condition: the integral ∫ R^n | f(y) | (1+ | y |) −N dy converges with certain N > 0.

We will construct the solution to the problem (1) as a Poisson’s c -integral corresponding to the operator L_c. We will modify this kernel and get the solution for a boundary data f having an arbitrary growth at infinity. The modified Poisson’s c -kernel was introduced in [9].

Under some additional conditions this solution is unique; note that the uniqueness proof uses heavily the Phragmen-Lindelöf principle for the operator L_c [11].

Now we state the results of our article. The potential c is always supposed to be non-negative and locally-integrable, namely, c(X) ≥ 0 for X ∈ R^{n+1}_+ , and c ∈ L^p_{loc}(R^{n+1}_+ ) with some p ≥ (n + 1)/2 as n ≥ 3, and p = 2 as n = 1, 2. Under these assumptions the operator L_c can be extended in the usual way from the space C^∞_0 (R^{n+1}_+ ) to an essentially self-adjoint operator on L^2(R^{n+1}_+ ); we will denote it L_c as well. This last one has a Green’s function G(X, Y ) possesing all the necessary in sequel analytic properties. We norm it as follows: G(X, Y ) ∼ γ_{n+1}ψ_{n+1}(| X − Y |) as | X − Y |→ 0, where γ_2 = 1/(2π), ψ_2(r) = ln(1/r), and γ_n = 1/[(n − 2)σ_n], ψ_n = r^{2−n} for n ≥ 3. Hence G is positive on R^{n+1}_+ and its inner normal derivative ∂G(X, y)/∂n(y) ≥ 0 - we denote this derivative P_c(X, y); it is called the Poisson’s c -kernel for the half-space R^{n+1}_+ .

The potential theory for the operator L_c, including existence of the Green’s function G, was developed by M. Cranston, E. Fabes, Z. Zhao [2] (see excellent survey by M. Bramanti [1]) for more general potentials. Under the assumptions above the theory with all the needed details was independently developed by B. Ya. Levin and the author [11, 9].

Let B^+(x_0, t) = {X ∈ R^{n+1}_+ : | X − x_0 |< t, x_0 ∈ R^n, x_{n+1} > 0} be an (n+1)-dimensional half-ball in R^{n+1}_+ . Further let us suppose that every boundary point x_0 ∈ R^n = ∂R^{n+1}_+ has a neighbourhood B^+ (x_0, t) such that c ∈ L^{p0} (B^+(x_0, t)) with some p_0 > n + 1. These assumptions imply the regularity of the half-space for the Dirichlet problem for the operator L_c (F.-U. Maeda [13]) and also continuity of the Poisson c-kernel P_c(X, y) for X ∈ R^{n+1}_+ , y ∈ R^n

[1, 9].

We denote C the class of the potentials c satisfying all the above-mentioned conditions. Let C_r stands for the subclass of the radial potentials, i.e., c(X) = c(| X |). We will also consider the class A, consisting of the potentials c ∈ C_r such that there exists the finite limit lim_{r→∞} r^2c(r) = q < ∞, and moreover, r^{−1} | r^2c(r) − q |∈ L(1, ∞), i.e., the last quantity is integrable over the interval [1, ∞). This class was introduced in [11]. At last let

Γ_α(ξ) = {X = (x, x_{n+1}) ∈ R^{n+1}_+ : | x − ξ |< αx_{n+1}}, α > 0

be a non-tangential cone in R^{n+1}_+ with vertex ξ ∈ R^n.

Theorem 1 Let c ∈ C and f be a locally-summable function on R^n such that the integral ∫ R^n | f(y) | P_c(X, y) dy (3) converges at some point X ∈ R^{n+1}_+ (and consequently everywhere in R^{n+1}_+ ). Then the Dirichlet problem (1) has the solution

u_0(X) = ∫ R^n f(y)P_c (X, y) dy. (4) For this solution there exists the limit lim_{Γα(ξ)∋X→ξ} u_0(X) = f(ξ) at almost every point ξ ∈ R^n. If f is a continuous function, then u_0 tends to the nontangential boundary values f(ξ) at every point ξ ∈ R^n. Evidently u_0 ≥ 0 in the case f ≥ 0.

It should be noticed that the integral (3) may be convergent for an essentially extensive function class then (2), because the Green’s function G(X, Y ) of the Schrödinger operator L_c can decrease at infinity faster then the harmonic Green’s function g(X, Y ). For example let be c(X) = q = const in R^3_+. Straightforward calculation shows that P_q(X, y) = 1 + q^{1/2} | X − y | 2π | X − y |^3 x_3 exp{−q^{1/2} | X − y |}, X = (x_1, x_2, x_3),

– i.e., the Poisson q -kernel decreases exponentially as | X − y |→ ∞.

Under the conditions of this theorem the solution to the problem (1) is not unique in general. Even if the integral (3) is convergent, the function f can grow very quickly at infinity (on a small set) and consequently the function u_0 (the integral (4)) can have an arbitrary fast global growth in the closed half-space R^{n+1}_+ [8]. Hence to guarantee the uniqueness of the solution to the problem (1) one has to restrict apriori growth of the solution at infinity. For this estimate of growth it is naturally to make use of the limit growth occuring in the abovementioned Phragmen-Lindelöf theorem [11]. To give an exact formulation we need some more notions.

We let S^+(x_0, t) = {X ∈ R^{n+1}_+ : | X − x_0 |= t, x_0 ∈ R^+, x_{n+1} > 0} denote a half-sphere in R^{n+1}_+ , and Δ^∗ be a Laplace-Beltrami operator (spherical part of the Laplacian) on the unit sphere. It is known (see, e.g., [17, p.41]) that the eigenvalue problem { Δ^∗φ(θ) + λφ(θ) = 0, θ ∈ S^+ (0, 1), φ(θ) = 0, θ ∈ ∂S^+ (0, 1)

has the eigenvalues λ_k = k(k + n − 1) with the corresponding multiplicities ν_k = (n+k −2)!/[(n−1)!(k −1)!], k = 1, 2, . . .; note that ν_1 = 1. Let φ_{kν}(θ), 1 ≤ ν ≤ ν_k, stand for the corresponding eigenfunctions. We norm the eigenfunctions in L^2(S^+(0, 1)), moreover, φ_1 ≡ φ_{11} > 0. Straightforward calculation gives φ_1(X) = (2(n + 1)/σ_{n+1})^{1/2}x_{n+1}, if | X |= 1. But φ_{kν} are the spherical harmonics ”odd” with respect to x_{n+1}, namely, φ_{kν}(x, −x_{n+1}) = −φ_{kν}(x, x_{n+1}). Hence well-known estimates (see, e.g., [14, p. 14]) imply the inequalities | φ_{kν} (θ) |≤ Qk^{(n−1)/2}, | ∂φ_{kν} (θ)/∂n(θ) |≤ Qk^{(n+1)/2}, where symbols Q denote different constants depending on n only. Consequently the following inequalities are valid: | φ_{kν} (θ) | ≤ Qk^{(n+1)/2}φ_1(θ), | ν_k∑

ν=1 φ_{kν}(θ)φ_{kν} (ψ) | ≤ Qk^{2n−2}, (5)

| ν_k∑

ν=1 φ_{kν} (θ)∂φ_{kν} (ψ)/∂n(ψ) | ≤ Qk^{2n−1}. Let q(r) ≥ 0 be a locally summable function on the ray 0 < r < ∞. We denote W_k and V_k respectively, the main solution and the dominant one (i.e., non-increasing and increasing solutions as t → +∞ [3, ch. 11] ) of the equation y^{′′}(r) + nr^{−1}y^′(r) − {λ_kr^{−2} + q(r)}y(r) = 0, 0 < r < ∞, (6) normed under the condition W_k(1) = V_k(1) = 1. We denote the wronskian of these solutions by ω_k, k = 1, 2, . . . . We will omit the index k = 1, i.e., v = v_1, φ = φ_1, . . . .

Theorem 2 Let c ∈ C and q be any measurable radial minorant of c: 0 ≤ q(| x |) ≤ c(x), x ∈ R^{n+1}_+ . If f is a function such that the integral (3) converges, then the problem (1) has the unique solution in the class of functions satisfying the condition

lim inf_{r→∞} V^{−1}(r) ∫ S^+(0,1) | u(X) | φ(θ) dσ(θ) = 0, - this solution is given by the Poisson c -integral (4).

Note that if c = 0, then the theorem 2 implies the theorem 2.1 [18] and its generalization to any dimensions n = 2, 3, . . . .

More efficient conditions for convergence of the integrals (3) - (4) can be given if some additional information is available about the potential c. For example, let c be a radial potential of the class B [11], i.e., lim_{t→∞} t^2c(t) = ∞ and solutions of the equation (6) have JWKB-asymptotic as r → ∞ [5]. Then the convergence of the integral ∫_∞ 1 | f(ρ) | ρ^{n/2−1}(c(ρ))^{1/4} exp{− ∫_ρ 1 c^{1/2}(t)dt} dρ is a sufficient condition for the integral (3) to exist.

In the case c ∈ A these results can be essentially improved and strengthened. If c is a radial potential, it is known the following expansion for the Green’s function G [11, 9]: G(X, Y ) = ∞∑ k=1 ω^{−1}_k V_k(min{r, ρ})W_k(max{r, ρ}){ ν_k∑

ν=1 φ_{kν}(θ)φ_{kν} (ψ)}, r ≠ ρ. (7) This series converges uniformly if either r ≤ γρ, or ρ ≤ γr, γ = const, 0 < γ < 1. In the case c = 0 this expansion coinsides with well-known result by J. Lelong-Ferrand [12]. The expansion (7) can be rewritten in the terms of the Gegenbauer polynomials. The formula (7) gives reason to introduce the kernels G^{{p}}(X, Y ) = G(X, Y ) − p∑ k=1 ω^{−1}_k V_k(r)W_k(ρ){ ν_k∑

ν=1 φ_{kν}(θ)φ_{kν} (ψ)}, p = 1, 2, . . ., and G^{{0}} = G. Let f̂ (t) = sup{| f(y) | : | y |≤ t} be the best radial nondecreasing majorant of f. Consider an integer-valued function p(t) = 1 + [ln(t^εf̂^{1+ε}(t))] , where ε is any positive number and [ · ] denotes the entire part of a number. If f has a finite order λ, i.e., | f(y) |≤ K_ε | y |^{λ+ε}, where ε > 0 is arbitrary small, we introduce the quantity

p_λ = { (1/2)(1 − n + {(2λ + n − 1)^2 − 4q}^{1/2})^+, if (2λ + n − 1)^2 > 4q, 0, if (2λ + n − 1)^2 ≤ 4q. (8) Recall, that c ∈ A, q = lim_{r→∞} r^2c(r) < ∞ and as usual, a^+ = max{0; a}. Note that p_λ = [λ] in the case q = 0.

For any N = 1, 2, . . ., we introduce the class U_N of functions u such that

lim inf_{r→∞} V^{−1}_N (r) ∫ S^+(0,1) | u(X) | φ_N (θ)dσ(θ) = 0. (9) Here φ_N denotes an arbitrary eigenfunction corresponding to the eigenvalue λ_N .

Theorem 3 Suppose c ∈ A and f(y) be a locally-summable real function on R^n, having an arbitrary growth as | y |→ ∞. Then the problem (1) has the solution u(X) = ∫ R^n f(y) ∂G^{{p(|y|)}}(X, y) ∂n(y) dy. (10) Moreover lim_{Γα(ξ)∋X→ξ} u(X) = f(ξ) for e.a. ξ ∈ R^n. If f is a continuous function, then the last relation is valid for all ξ ∈ R^n.

If the function f has a finite order λ, the solution u has the same order. If a continuous function f has a finite order λ, then the general solution to the problem (1) in the class U_N has the form ∫ R^n f(y) ∂G^{{pλ }}(X, y) ∂n(y) dy + P (X). Here P is an arbitrary ”c -harmonic polynomial” of degree not greater than N − 1, i.e.,

P (X) = N−1∑ k=1 V_k(r){ ν_k∑

ν=1 α_{kν}φ_{kν}(θ)}. In the case c = 0 this statement implies the theorems 4.1–4.1’ [18] and the results of [3].

We prove the theorems 1–3 in the section 3; the section 2 is devoted to some estimates of the kernels G^{{p}} needed in the sequel. These estimates are similar to known ones in the case c = 0 [16]. In the case of a whole space, not a half-space the analogous estimates are in [9].

Remark at last that all results of the paper take place for any cone in R^{n+1} with a sufficiently smooth boundary.

Statements of the results of this article were published without proofs in [10].

Acknowledgment

The author is particularly indebted to the Courant Institute of Mathematical Sciences/NYU for the hospitality and to Prof. Peter Lax and Prof. Louis Nirenberg for valuable discussions of this article.

2 Estimates of the kernels G^{{p}}

Let be c ∈ A; hence lim_{r→∞} r^2c(r) = q < ∞. Denote

κ_k = {(1 − n)^2 + 4(q + λ_k}^{1/2} = {(2k + n − 1)^2 + 4q}^{1/2} and μ^±_k = (1 − n ± κ_k)/2. It is known [5] that in the case under consideration the solutions to the equation (6) have the asymptotics V_k(r) ∼ b_1r^{μ+k} , W_k ∼ b_2r^μ

�_k , as r → ∞, where b_{1,2} are some positive constants and it is possible to differentiate these relations.

Lemma 1 Let c ∈ A. For every p = 0, 1, . . ., and for any fixed γ ∈ (0, 1) the following inequalities are valid with the value s ∈ (0, 1) to be specified in the proof: | G^{{p}}(X, Y ) |≤ Qp^{2n−1}(1 − s)^{−2n}φ(θ)φ(ψ)V_{p+1} (r)W_{p+1}(ρ) (11) as r ≤ γρ. The factor Q = Q(n) here and below depends only on the dimension n. If ρ ≤ γr, 1 < r =| X |< ∞, then | G^{{p}}(X, Y ) |≤ Qp^{2n−1}r^{μ+p} ρ^{1−n}. (12) Further, in the case r ≤ γρ, γ ∈ (0, 1) | ∂G^{{p}}(X, y) ∂n(y) | ≤ Qp^{2n}(1 − s)^{−2n−2}φ(θ) ∂φ(ψ) ∂n(ψ) | y |^{−1} V_{p+1}(r)W_{p+1}(ρ). (13)

At last, if 1 < ρ ≤ γr, then | ∂G^{{p}}(X, y) ∂n(y) | ≤ Qp^{2n−1}r^{μ+p} ρ^{−n}. (14) Proof. Let be r ≤ γρ with any fixed 0 < γ < 1. It is easy to see that ω_k ≥ κ_k, k = 1, 2, . . . . We will use the known inequalities [9] | ω^{−1}_k V_k(r)W_k(ρ) |≤| ω^{−1}_{p+1}V_{p+1}(r)W_{p+1}(ρ) |, k ≥ p + 1, and | ω^{−1}_k V_k(r)W_k(ρ) | ≤ κ^{−1}_k r^{μ+k} ρ^μ �_k . Hence the definition of G^{{p}} and the inequalities (5) imply the estimates | G^{{p}}(X, Y ) |≤ Q ∞∑ k=p+1 κ^{−1}_k r^{μ+k} ρ^μ �_k κ^{2n}φ(θ)φ(ψ) ≤

≤ Qφ(θ)φ(ψ)r^{μ+p+1} ρ^μ �_{p+1}^∞∑ k=p+1 κ^{2n−1}r^{μ+k −μ+p+1} ρ^μ �_{k −μ}�_{p+1} ≤

≤ V_{p+1}(r)W_{p+1}(ρ)φ(θ)φ(ψ) ∞∑ k=p+1 k^{2n−1}γ^{μ+k −μ+p+1} .

Moreover the relation μ^+_k − μ^+_{p+1} = (κ_k − κ_{p+1})/2 ≥ R(k − p − 1) is valid for p + 1 ≤ k < ∞, where R = (k + p + n){(2k + n − 1)^2 + 4q}^{−1/2}. In the case 0 ≤ p < ∞ and k ≥ p + 1 one can check that R ≥ Q = Q(q, n). Consequently μ^+_k − μ^+_{p+1} ≥ Q(k − p − 1) and | G^{{p}} |≤ QV_{p+1}(r)W_{p+1}(ρ)φ(θ)φ(ψ) ∞∑ k=p+1 k^{2n−1}γ^{Q(k−p−1)} =

= QV_{p+1}(r)W_{p+1}(ρ)φ(θ)φ(ψ) ∞∑ k=0 s^k(k + p + 1)^{2n−1},

where s = γ^Q < 1. Making use of the following elementary inequality ∞∑ k=0 s^k(k + p + 1)^{2n−1} ≤ Q(p + 1)^{2n−1}(1 − s)^{−2n},

we get the estimate (11): | G^{{p}}(X, Y ) |≤ Qp^{2n−1}(1 − s)^{−2n}V_{p+1}(r)W_{p+1}(ρ)φ(θ)φ(ψ). Now let be 1 < ρ ≤ γr, 0 < γ < 1. Then we have the inequality | G^{{p}}(X, Y ) |≤ G(X, Y ) + Qφ(θ)φ(ψ) p∑ k=1 k^{2n−1}r^{μ+k} ρ^μ �_k ≤

≤ g(X, Y ) + Qp^{2n−1}r^{μ+p} p∑ k=1 ρ^μ �_k ,

where ρ > 1, μ^−_k ≤ −n − k − 1 and g stands for the harmonic Green’s function. Now the known relation g(X, Y ) ≤ γ_{n+1} | X − Y |^{1−n} = o(1) as | X | → ∞, implies the inequality ∑_p k=1 ρ^μ �_k < ∑_∞ k=1 ρ^μ �_k

< Qρ^{1−n} and the estimate (12) is proven.

The inequalities (13) and (14) follow immediately from (11) and (12) respectively. The lemma is proven completely.

3 Proofs of the theorems

Proof of the theorem 1. The kernel P_c(X, y), i.e., the inner normal derivative of the Green’s function G satisfies the equation L_cu(X) = 0 as

X ∈ Ω, y ∈ ∂Ω - such functions are called c -harmonic functions. So the absolutely convergent integral (4) is a solution to the boundary problem (1). We will investigate its boundary behavior.

The situation under consideration has one essential distinction to the case c(X) = 0. Namely, the kernel P_c fails generally to be an approximate identity. It is known that the half-space R^{n+1}_+ is a regular domain with respect to the Dirichlet problem for the operator L_c (see, e.g., [13, 9]). Hence the integral ∫ R^n Pc(X, y) dy is a c -harmonic function having boundary values 1. But the

known relation G(X, Y ) ≤ g(X, Y ) implies the inequality P_c(X, y) ≤ P_0(X, y) = P (| x − y |, x_{n+1}), (15) thus ∫ R^n P_c(X, y) dy ≤ ∫ R^n P (| x − y |, x_{n+1}) dy = 1, and this is strickt inequality unless c = 0 almost everywhere. Consequently 1 is not a c -harmonic function if c ≠ 0.

This obstacle can be overcomed due to the fact, that every boundary point of the half-space is c -regular under our suppositions.

Let ξ ∈ R^n be a Lebesgue’s point of the function f, so that, in particular, | f(ξ) |< ∞. Let us fix any ϵ > 0 and split the difference u(X) − f(ξ) = ∫ |y−ξ|<ϵ [f(y) − f(ξ)] P_c(X, y) dy + +f(ξ){ ∫ |y−ξ|<ϵ P_c(X, y) dy − 1} + + ∫ |y−ξ|≥ϵ f(y)P_c(X, y) dy ≡ I_1 + I_2 + I_3.

Due to the inequality (15) and known inequalities for the harmonic functions [19, ch. 3] we have the estimate sup X∈Γ_α(ξ) | I_1 | ≤ ≤ sup X∈Γ_α(ξ) ∫ |y−ξ|<ϵ | f(y) − f(ξ) | P_c(| x − y |, x_{n+1}) dy ≤ ≤ A_α (M f_ξ)(ξ), where f_ξ(y) = f(y) − f(ξ), M f is the maximal function:

(M f)(x) = sup_{r>0} nr^{−n}σ^{−1}_n ∫ |y−x|<r | f(y) | dy, and the constant A_α depends only on α and n. Now the equality lim_{Γα(ξ)∋X→ξ} I_1 = 0 follows from the analogous property of the usual harmonic functions.

The integral I_4 = ∫ |y−ξ|<ϵ Pc(X, y) dy is a solution of the problem (1) with

boundary data 1 as | y − ξ |< ϵ and 0 as | y − ϵ |≥ ϵ; hence there exists the limit lim_{Γα(ξ)∋X→ξ} I_4 = 1 due to the known estimate 0 < const < P_c(X, y) ≤ P (X, y) [2], which is uniform in Xandy. It is also known [9] that the constant in this inequality is tending to zero, if the domain is shrinking to a point. But | f(ξ) |< ∞, thus lim_{Γα(ξ)∋X→ξ} I_2 = 0.

Now let us consider the summand I_3. If | y − ξ |≥ ϵ and Γ_α(ξ) ∋ X → ξ, then the Poisson kernel P (| x − y |, x_{n+1}) tends uniformly to zero. The same is valid for the kernel P_c(X, y), as follows from the inequality (15). Using the convergence of the integral (3) and the theorem from [2] on estimation of the ratio P_c(X_1, y)/P_c(X_2, y), we apply the theorem on the dominated convergence to conclude that lim_{Γα(ξ)∋X→ξ} I_3 = 0. The theorem 1 is proved.

Further we need the Phragmen-Lindelöf principle for the operator L_c in a half-space [11]. Let u be a subfunction of the Schrödinger operator L_c, i.e., upper-semicontinuous function u : R^{n+1}_+ → [−∞, ∞), which locally satisfies the generalized mean-value inequality u(X) ≤ ∫ |X−Y |=t u(Y ) ∂G_t(X, Y ) ∂n(Y ) dσ(Y ), where G_t(X, Y ) is the Green’s function of L_c in a ball | X − Y |< t, vanishing at its boundary | X − Y |= t - about the theory of these so-called generalized subharmonic functions see, e.g., [13, 11, 9] and the references cited there.

The theorem 2 is an immediate corollary of the following particular case of the theorem 1 [11]:

if u is a generalized subharmonic function in R^{n+1}_+ such that lim x_{n+1} →0 u(X) ≤ A = const for every x ∈ R^n , and

lim inf_{r→∞} V^{−1}(r) ∫ S^+(0,1) u^+(r, θ) φ(θ) dσ(θ) = 0, where V and φ are as above, then u(X) ≤ A^+ everywhere in R^{n+1}_+ .

Proof of the theorem 3. The kernel ∂G^{{p(|y|)}}(X, y)/∂n(y) is a c -harmonic function of X ∈ R^{n+1}_+ for every fixed y ∈ R^n, hence if the integral (10) converges, it is the c -harmonic function too. To prove the convergence of this integral we fix X ∈ R^{n+1}_+ and estimate the remainder

I_5 = ∫ e|X|<|y| f(y) ∂G^{{p(|y|)}}(X, y) ∂n(y) dy. The inequality (13) with γ = 1/e implies the estimate | ∂G^{{p(|y|)}}(X, y) ∂n(y) | ≤

≤ Q(p(| y |))^{2n}V_{p(|y|)+1}(r)W_{p(|y|)+1}(ρ) ≤ ≤ Q(p(ρ))^{2n}r^{μ+p(ρ+1 −1}ρ^μ �_{p(ρ)+1}

≤ Q(p(ρ))^{2n}ρ^n exp{μ^+_{p(ρ)+1}}.

Therefore the following inequality is valid | I_5 | ≤ ∫ er<|y| f̂ (| y |) Qp^{2n}(ρ) ρ^n exp{μ^+_{p(ρ)+1}} dy = = Q ∫_∞ er f̂(t) t^{−1}p^{2n}(ρ) exp{−μ^+_{p(ρ)+1}} dt. But μ^+_{p+1} ≥ p + 1, so that we can choose r as large as we need, and ρ ≥ er, such that 2n ln p(ρ) ≤ p(ρ)/2. Consequently the last integral is dominated by the convergent integral Q ∫_∞ t^{−1−ϵ} dt, ϵ > 0, if p(t) ≥ 2 ln{t^ϵf̂^{1+ϵ}(t)}. Obviously, if f is a bounded function, then the theorem 1 is applicable and we can let p = 0. If f has a finite order λ > 0, and p_λ has the form (8), then the integrand can be dominated by the quantity Qp^{2n}r^{μ+p+1 −1} ρ^{λ+ϵ+μ} �_{p+1} = O(ρ^{−1−ϵ1} ) as ρ → ∞. Now we study a boundary behavior of the integral (10). Fix a point ξ ∈ R^n from the Lebesgue set of the function f and a point X = (x, x_{n+1}) ∈ Γ_α(ξ). We represent the function u as u(X) = I_6 + I_7, where

I_6 = ∫ |y|<2|X| f(y) ∂G^{{p(|y|)}}(X, y) ∂n(y) dy and I_7 = u − I_6. The definition of the kernels G^{{p}} implies the equality

I_6 = ∫ |y|<2|X| f(y) ∂G(X, y) ∂n(y) dy −

− k(2|y|)∑

k=1 ∫ t_k≤|y|≤2|X| f(y) ω^{−1}_k V_k(| X |) W_k(| y |) φ_k(θ) ∂φ_k(ψ) ∂n(ψ) dy, where t_k are jump points of the function p(t).

The following relations lim_{X→ξ} ∫ t_k≤|y|≤2|X| f(y) V_k (| X |) W_k(| y |) φ_k(θ) ∂φ_k(ψ) ∂n(ψ) dy = 0 are obviously fulfilled for every of the last integrals, 1 ≤ k ≤ k(2 | y |). As for the first integral, it was proved in the theorem 1, that it tends to f(ξ), as X → ξ. The proven estimate of the integral I_5 implies the uniform convergence of the integral I_7 on any compact set in R^{n+1}_+ , and consequently the relation lim_{Γα(ξ)∋X→ξ} I_7 = 0 follows.

Now we estimate the growth of the solution u(X) for a function f having a finite order λ. In this case p = p_λ = const and

| u(X) | ≤ | ∫ |y|≤2|X| | + | ∫ 2|X|<|y| | ≤ ≤ ∫ |y|≤2|X| f̂ (ρ) {P (| x − y |, x_{n+1}) + Q p∑ k=1 V_k(r) W_k(ρ) ρ^{−1}} dy + + Q ∫ 2|X|<|y| r^{μ+p+1} | y |^μ �_{p+1} ρ^{λ+ϵ−1} dy. Making use of the equality ∫ R^n P (| x − y |, xn+1) dy ≡ 1 for the harmonic

Poisson kernel P , we have | u(X) | ≤ Q | X |^{λ+ϵ} + Q p∑ k=1 V_k(r) ∫_{2r} 0 ρ^{λ+ϵ+n−2+μ} �_k dρ + + Q r^{μ+p+1} ∫_∞ 2r ρ^{λ+ϵ+n−2+μ} �_{p+1} dρ. The first k integrals converge as ρ → 0 due to the definition of the index p = p_λ, and the last integral converges as ρ → ∞ ( because the inequality μ^−_k ≥ μ^−_p is valid as k ≤ p_λ ). The calculation of the integrals above implies the required estimate of the solution.

At last we consider the solution to the problem (1) under the condition (9). In our case (c ∈ A, p = p_λ = const) the difference v(X) of any two solutions is continuous in R^{n+1}_+ and v |_Rn = 0. Hence v can be extended to a c -harmonic function in the whole space R^{n+1} as an odd function: v(x, −x_{n+1}) = −v(x, x_{n+1}), x_{n+1} ≥ 0. Extended function v satisfirs the condition (9) everywhere in R^{n+1}, whereas v(x, 0) = 0, ∀x ∈ R^n. (16) Now we introduce the functions

y_k(r) = ∫ S^+(0,1) v(r, θ) φ_k(θ) dσ(θ), k = 1, 2, . . ., where φ_k = φ_{kν} being any spherical harmonics corresponding to the eigenvalue λ_k, odd with respect to x_{n+1}. Making use of the equality (16) and self-adjointness of the Laplace-Beltrami operator Δ^∗, one can check directly (by differentiating under the integral sign) that the functions y_k, k = 1, 2, . . ., satisfy the equation (6) with q = c. This equation has a general solution y(r) = AV_k(r) + BW_k(r), A, B are some constants. Since y_k(r) is bounded as r → 0, we have B = 0, and y_k(r) = A_kV_k(r), A_k = const . Now the condition (9) implies A_k = 0 as k ≥ N , so that y_k(r) = 0, k = N, N + 1, . . . .

To this end we expand the function v(X), X ∈ R^{n+1}, in the Fourier- Laplace series on the spherical harmonics. This expansion contains only odd harmonics φ_{kν}, because v(X) is an odd function with respect to x_{n+1}. Thus v(X) = N−1∑ k=1 { ν_k∑

ν=1 α_{kν} φ_{kν}(θ)} V_k(r). References.

1. M. Bramanti, Potential theory for stationary Schrödinger operators: a survey of results. - Le Matematiche, Vol. 47, 1(1992), 25-61.

2. M. Cranston, E. Fabes, Z. Zhao, Conditional gauge and potential theory for the Schrödinger operator. - Trans. of Amer. Math. Soc., Vol. 307, 1(1988), 415-425.

3. M. Finkelstein, S. Scheinberg, Kernels for solving problems of Dirichlet type in a half-plane . - Advances in Math., Vol. 18, 1(1975), 108-113. 4. S. Gardiner, The Dirichlet and Neumann problems for harmonic functions in half-spaces. - J. of London Math. Soc. (2), Vol. 24, 3(1981), 502-512. 5. P. Hartman, Ordinary Differential Equations, Wiley, New York - London - Sydney, 1964.

6. I. Khachatryan, Representation of the meromorphic functions of infinite order in a half-plane . - Izv. Akad. Nauk Armjan SSR, Ser. Phys.- Math. Sc., Vol. 18, 2(1965), 15-25.

7. A. Kheyfits, Representation of the analytic functions of infinite order in a half-plane. - Izv. Akad. Nauk Armjan SSR, Ser. Mat., Vol. 6, 6(1971), 472-476. 8. A. Kheyfits, Indicators of functions of order less than one that are analytic in an open half-plane and have completely regular growth in interior angles. - Math. USSR, Izv., Vol. 9, 4(1975), 850-860.

9. A. Kheyfits, Subfunctions of the Schrödinger operator, Preprint, Rostov State Univ., Rostov-na-Donu. Pt. 1, 1988; Pt. 2, 1988; Pt. 3, 1990; Pt. 4, 1992. 10. A. Kheyfits, The Dirichlet problem in a half-space for the Schrödinger operator with boundary data of arbitrary growth at infinity. - Russian Acad. Sci. Dokl. Math., Vol. 46, 1(1993), 149-152.

11. B. Levin, A. Kheyfits, Asymptotic behavior of the subfunctions of the Schrödinger operator in an n -dimensional cone. - Soviet Math. Dokl., Vol. 38, 1(1989), 109-112.

12. J. Lelong-Ferrand, Etude des fonctions subharmoniques positives dans un cylindre ou dans un cone. - C. R. Acad. Sci. Paris, Ser. A, Vol. 229, 5(1949), 340-341.

13. F.-Y. Maeda, On regularity of boundary points for Dirichlet problems of the equation Δu = qu, (q ≥ 0) . - Hiroshima Math. J., Vol. 1, 2(1971), 373-404. 14. C. Muller, Spherical Harmonics (Lect. Notes in Math. 17), Springer Verlag, Berlin, 1966.

15. R. Nevanlinna, Über die Eigenschaften meromophen Functionen in einem Winkelraum. - Acta Soc. Sci. Fenn., Vol. 50, 12(1925), 1-45. 16. A. Rashkovsky, An integral representation of subharmonic functions of finite order in a cone. - Preprint of The Physical-Technical Institute of Low Temperatures, Kharkov, 30(1985).

17. G. Rosenblum, M. Solomyak, M. Shubin, Spectral theory of differential operators, VINITI, Moscow, 1989.

18. D. Siegel, The Dirichlet problem in a half-space and a new Phragmen- Lindelöf principle, - in ”Maximum Principles and Eigenvalues Problems. Partial Differential Equations.” Proc. conf. Knoxville, Tenes., June 15-19, 1987, - Harlow, New York, 1988, 208-217.

19. E. Stein, Singular Integrals and Differential Properties of Functions. - Princeton Univ. Press, Princeton, New Jersey, 1970.