[MPS89] Charles Martel, Arvin Park, and Ramesh Subramonian. Optimal asynchronous

algorithms for shared memory parallel computers. Computer Science and Engi-

neering CSE-89-8, University of California at Davis, July 1989.

[MS90] Charles Martel and Ramesh Subramonian. Asynchronous pram algorithms for

list ranking and transitive closure. UCDavis, manuscript, January 1990.

[MSP90] Charles Martel, Ramesh Subramonian, and Arvin Park. Asynchronous PRAMs

are (almost) as go o d as synchronous PRAMs. In Pr o c e e dings of the 31st Annual

Symp osium on the F oundations of Computer Scienc e, 1990.

[Nis90] Naomi Nishimura. Asynchronous shared memory parallel computation. In Pr o-

c e e dings of 2nd ACM Symp osium on Par al lel Algorithms and Ar chite ctur es, pages

76{84, 1990.

[PF77] Gary L. Peterson and Michael J. Fischer. Economical solutions for the Critical

Section Problem in a distributed system. In Pr o c e e dings of the 9th Annual ACM

Symp osium on The ory of Computing, pages 91{97, May 1977.

[PU87] Christos H. Papadimitriou and Je�rey D. Ullman. A commmunication-time

tradeo�. SIAM Journal on Computing, 16(4):639{646, August 1987.

[PY88] Christos H. Papadimitriou and Mihalis Y annak akis. T owards an architecture-

indep endent analysis of parallel algorithms. In Pr o c e e dings of the 20th Annual

ACM Symp osium on The ory of Computing, pages 510{513, 1988.

[SV82] Y ossi Shiloach and Uzi Vishkin. An O (log n) parallel connectivity algorithm.

Journal of Algorithms, 3:57{67, 1982.

[Wyl79] James C. Wyllie. The Complexity of Par al lel Computation. PhD thesis, Cornell

University

, August 1979. T echnical rep ort numb er TR 79-387, Department of

Computer Science.

17

[Bre74] Richard P

. Brent. The parallel ev aluation of general arithmetic expressions. Journal of the ACM, 21(2):201{206, 1974.

[CV86] Richard Cole and Uzi Vishkin. Deterministic Coin T ossing with Applications to

Optimal List Ranking. Information and Contr ol, 70(1):32{53, 1986.

[CV87] Richard Cole and Uzi Vishkin. Approximate Parallel Scheduling. Part I I: Application to Optimal Parallel Graph Algorithms in Logarithmic Time. T echnical

Rep ort 291, New Y ork University

, 1987. T o app ear, Information and Computation.

[CV88] Richard Cole and Uzi Vishkin. Approximate Parallel Scheduling. Part I: The Basic T echnique With Applications to Optimal Parallel List Ranking in Logarithmic

Time. SIAM Journal on Computing, 17(1):128{142, 1988.

[CZ89] Richard Cole and Ofer Za jicek. The APRAM: Incorp orating asynchrony into the

PRAM mo del. In Pr o c e e dings of 1st ACM Symp osium on Par al lel Algorithms and Ar chite ctur es, pages 169{178, 1989.

[CZ91] Richard Cole and Ofer Za jicek. The APRAM: Incorp orating asynchrony into the

PRAM mo del. In Preparation, 1990.

[CZ90b] Richard Cole and Ofer Za jicek. Asynchronous graph connectivity in O(log n) rounds. Manuscript, 1990.

[CZ90c] Richard Cole and Ofer Za jicek. The exp ected adv antage of asynchrony

. In Pr oc e e dings of 2nd ACM Symp osium on Par al lel Algorithms and Ar chite ctur es, pages

85{94, 1990.

[Gib89] Phillip B. Gibb ons. T owards b etter shared memory programming mo dels. In

Pr o c e e dings of 1st ACM Symp osium on Par al lel Algorithms and Ar chite ctur es, pages 158{168, 1989.

[KRS88a] Clyde P

. Krusk al, Larry Rudolph, and Marc Snir. A complexity theory of e�- cient parallel algorithms. In Pr o c e e dings of the 15th International Col lo quium on

Automata, L anguages and Pr o gr amming, pages 333{346. Springer-V erlag, July

1988.

[KRS88b] Clyde P

. Krusk al, Larry Rudolph, and Marc Snir. A complexity theory of ef-

�cient parallel algorithms. T echnical Rep ort RC 13572, International Business

Machines, 1988.

[Lam78] Leslie Lamp ort. Time, clo cks, and the ordering of events in a distributed system.

Communic ations of the ACM, 21(7):558{565, July 1978.

[LF81] Nancy A. Lynch and Michael J. Fischer. On describing the b ehavior and implementation of distributed systems. The or etic al Computer Scienc e, 13:17{43,

1981.

16

the RAM and PRAM mo dels. It is intro duced in order to study the synchronization costs

of shared memory parallel computation, costs which are hidden by the synchronous PRAM

mo del.

The APRAM do es not provide a global clo ck by which all the pro cesses can synchronize.

Instead, the required synchronization must b e co ded into the algorithm. W e have shown

that careful design may lead to e�cient asynchronous algorithms; one metho d demonstrated

in this pap er replaces global synchronization by lo cal synchronization.

When a PRAM algorithm is run on an asynchronous machine, it is necessary to syn-

cronize all the pro cesses after each step. W e have shown that this synchronization may

increase the rounds complexity of the algorithm by a multiplicative factor of O(log n), where

n is the size of the input. Using an asynchronous mo del, such as the APRAM, favors algo-

rithms with fewer synchronization requirements yielding algorithms which can b e run faster

in asynchronous environments.

References

[AC88] Alok Aggarwal and Ashok K. Chandra. Communication complexity of PRAMs.

In Pr o c e e dings of the 15th International Col lo quium on Automata, L anguages and

Pr o gr amming, pages 1{17. Springer-V erlag, July 1988.

[ACS89] Alok Aggarwal, Ashok K. Chandra, and Marc Snir. On communication latency

in PRAM computations. In Pr o c e e dings of 1st ACM Symp osium on Par al lel

Algorithms and Ar chite ctur es, pages 11{21, 1989.

[AFL83] Eshrat Arjomandi, Michael J. Fischer, and Nancy A. Lynch. E�ciency of

synchronous versus asynchronous distributed systems. Journal of the ACM,

30(3):449{456, July 1983.

[AG87] Baruch Awerbuch and Rob ert G. Gallager. A new distributed algorithm to

�nd breadth �rst search trees. IEEE T r ansactions on Information The ory, IT-

33(3):315{322, May 1987.

[AM88] Richard J. Anderson and Gary L. Miller. Deterministic parallel list ranking. In

Pr o c e e dings of the 3r d A e ge an Workshop on Computing, numb er 319 in Lecture

Notes in Computer Science, pages 81{90. Springer-V erlag, 1988.

[Awe85] Baruch Awerbuch. Complexity of Network Synchronization. Journal of the ACM,

32(4):804{823, Octob er 1985.

[Awe87] Baruch Awerbuch. Optimal distributed algorithms for minimum weight spanning

tree, counting, leader election and related problems. In Pr o c e e dings of the 19th

Annual ACM Symp osium on The ory of Computing, pages 230{240, May 1987.

15

Theorem 4.2 Given n elements in an arr ay, forming a c ol le ction of linke d lists, the r e cursive doubling algorithm c omputes for e ach element the end of its list using n pr o c esses in

O(log n) r ounds.

The two algorithms analyzed ab ove are simple and straightforw art. A companion pap er,

[CZ90b], presents an n + e pro cess, O(log n) rounds APRAM algorithm for computing the connected comp onents of an undirected graph with n vertices and e edges; this algorithm is substantially di�erent from the known PRAM algorithms, and its analysis is quite intricate.

W e remind the reader that the fastest PRAM algorithms for graph connectivity run in

O(log(n + m)) time on a CRCW PRAM. In Shiloach and Vishkin [SV82], n + m pro cesses are used; in Cole and Vishkin [CV87] this is reduced to (n + m)�(m; n)= log(n + m) pro cesses, but at the cost of large constants resulting from the presence of expander graphs.

5 APRAM Sim ulations

The tree computation used in the summation algorithm, as well as the list based recursive doubling algorithm, can b e used to execute a barrier-like synchronization among the pro cesses in O(log n) rounds. F rom this it follows that:

Theorem 5.1 Any PRAM algorithm, A, with p ar al lel running time T (n) using P (n) pr oc esses c an b e simulate d by an APRAM algorithm which uses P (n) pr o c esses and has r ound c omplexity O(T (n) log n).

By p erforming a simulation on P

0

� P (n)= log P (n) pro cesses, and p erforming the barrierlike synchronization every log(P (n)=P

0

) rounds, one can obtain:

Theorem 5.2 (Optimal Simulation) Any PRAM algorithm, A, with p ar al lel running time T (n) using P (n) pr o c esses c an b e simulate d by an APRAM algorithm which uses P

0 pr o c esses, P

0

� P (n)= log P (n), and has r ound c omplexity O(T (n)P (n)=P

0

).

F or any PRAM algorithm, A, the APRAM algorithm obtained by inserting a barrier-like synchronization after each statement is called the APRAM simulation of A. The multiplicative factor of O(log n), intro duced by the simulation, can often b e avoided, as we have already seen for the summation and recursive doubling problems.

6 Conclusions

This pap er gives a formal de�nition of the APRAM mo del and its asso ciated complexity measure, the rounds complexity

. The APRAM mo del is an asynchronous generalization of

14

Theorem 4.1 Ther e is an APRAM algorithm which c omputes the sum of n elements given

in an arr ay in O(log n) r ounds using n � 1 pr o c esses.

The ab ove algorithm can easily b e mo di�ed to use only n= log n pro cesses while achieving

the same asymptotic b ound. It is also straightforward to extend this result to obtain a

parallel pre�x algorithm with the same complexity .

4.3 Recursiv e Doubling

The recursive doubling algorithm takes as input n elements given in an array

. Each element,

u, has a p ointer, p(u), which p oints to its successor, an element in the array

. An element

is said to b e the head of a list if p(u) = u; it is assumed that p do es not have non-trivial

cycles. The recursive doubling algorithm is the heart of most, if not all, of the known

parallel list ranking algorithms [Wyl79,AM88,CV86,CV88,MS90]. W e do not present a list

ranking algorithm here, for it involves questions regarding atomicity which we do not intend

to discuss presently .

The APRAM algorithm for recursive doubling requires no synchronization and is iden-

tical to the simple PRAM algorithm due to Wyllie [Wyl79 ].

Algorithm for pro cess i

1 while (p(p(i)) 6= p(i)) do

2 p(i) := p(p(i))

Statement 1 checks for termination and Statement 2 up dates the v alue of p(v ). The correct-

ness of the algorithm follows from the inv ariant that for any element, u, p(u) is an element

that was an ancestor of u in the input list.

F or any two elements, u and v , de�ne the distanc e b etwe en u and v to b e the numb er of

edges that must b e traversed in the input list to get from u to v . Let C b e any computation

and de�ne a sup erevent to comprise a complete iteration of the while lo op. F or any two

elements, u and v , of the list and any numb er, i, let p

i

(u) b e the successor of u after round

i and let D (u; v ) b e the distance from u to v . The recursive doubling algorithm maintains

the inv ariant that for any numb er i and for any element u, if after round i the successor of

u is not a head of a list, then

D (u; p

i+1

(u)) � D (u; p

i

(u)) + D (p

i

(u); p

i

(p

i

(u))):

Since D (u; p

0

(u)) = 1, after round i every element which do es not p oint to the end of its

list p oints to an element at distance at least 2 i

. W e conclude:

13

for r a constant is O(R) rounds. W e ignore constant factors, as is often done in asymptotic analysis, and henceforth use sup erevents and sup errounds. When no ambiguity arises, we use the term round to refer to a sup erround.

The complexity of an APRAM algorithm is measured in terms of the pair [round complexity

, numb er of pro cesses]. This is intended to corresp ond to the measure [time, pro cesses] used for the PRAM mo del. The aim is that this measure of complexity should corresp ond roughly to a [time, pro cessors] complexity measure on more realistic machines. The notion of rounds is far from new; it is used extensively when analyzing distributed (asynchronous) algorithms; however, in distributed algorithms, typically

, the other comp onent of the complexity is the numb er of messages transmitted. W e are interested in a more tightly coupled form of pro cessing, which is characteristic of parallel computation. W e note that the virtual clo ck is used solely for the round analysis; the correctness arguments must prove the algorithm correct regardless of the division into segments.

W e illustrate the round complexity by means of two simple examples: computing the sum of n integers given in an array and a recursive doubling algorithm.

4.2 Summation Algorithm

The APRAM summation algorithm given b elow is very similar to the known PRAM algorithm. It uses 2n � 1 memory cells arranged in an implicit complete binary tree with the input elements at the leaves. A pro cess is asso ciated with each internal no de of the tree.

Each memory cell has a v alid bit which is initialized to true for all the input elements (the leaves) and false for all internal no des. F or each pro cess, i, V i

is the internal no de asso ciated with i, and L i

and R i

are the left child and right child of V i

, resp ectively .

The algorithm iterates the following sup erevent comprising a condition test plus a p ossible execution of the if statement.

Algorithm for pro cess i:

1 while (V i

is not valid) do

2 if R i

and L i

are valid then

3 set V i

:= L i

+ R i

4 set the tag of V i

to valid

5 end if

6 end while

Once b oth children of a no de are v alid the pro cess asso ciated with the no de executes only one more iteration, during which its asso ciated no de is v alidated. As the depth of the tree is dlog

2

ne, and each pro cess executes at least one iteration at each round, the numb er of rounds required is dlog

2

ne. W e have shown:

12

are presented in [CZ91 ].

Let C b e any computation and T any virtual clo ck of C . F or each event, e, the time

of e, t(e), is the time assigned to e by T . W e call the integer part of the time of e its

round numb er, r d(e), r d(e) = bt(e)c. The virtual clo ck in e�ect divides the computation

into contiguous segments, called rounds, so that each segment contains at least one event

from each pro cess. A round is called e�e ctive if it has at least one e�ective event.

The r ounds c omplexity of a computation is the numb er of e�ective rounds in a virtual

clo ck of the computation maximized over all p ossible virtual clo cks. The rounds complexity

of an algorithm for a given input, I , is the maximum rounds complexity over all p ossible

computations on input I . The rounds complexity of an algorithm for inputs of size n is then

de�ned to b e the maximum rounds complexity over all inputs of size n. Note that each time

step of a synchronous computation is a round which contains exactly one event from each

pro cess.

W e wish to stress that our mo del refers to pro cesses and not pro cessors. Brent’s theorem

[Bre74] justi�es the use of pro cesses, when designing PRAM algorithms, without regard to

the actual numb er of physical pro cessors at hand. An analogue of Brent’s theorem applies

to the APRAM mo del:

Lemma 4.1 A t r ound, p pr o c ess algorithm c an b e simulate d using q � p pr o c esses in

O(tp=q ) r ounds.

Pro of. The pro cesses of the p pro cess algorithm, A

p

, are distributed evenly among the q

pro cesses of the simulating algorithm, A

q

. Each pro cess of A

q receives either dp=q e or bp=q c

pro cesses of A

p

. Each pro cess of A

q simulates its assigned pro cesses in round robin fashion.

Consider a computation, C , of A

q

. There is a one to one mapping from the events of C to a

computation of A

p

. Partition C into phases of dp=q e rounds. Clearly

, each phase is a round

of A

p

. Hence, A

q uses at most tdp=q e rounds. t u

So far we have de�ned the mo del and the complexity measures in terms of events.

Requiring this low level detail may make the design pro cess tedious and the analysis unduly

complicated. Instead, we group statements into larger constructs called sup er events. A

pro cess, p, is said to execute a sup erevent, E , if the events comprising E app ear as a

segment of p. W e allow each sup erevent to contain up to r events, for some �xed numb er,

r , indep endent of the input. W e then de�ne a sup err ound to b e a segment in which each

pro cess executes at least one sup erevent.

Every segment comprising 2r � 1 rounds contains at least one sup erevent. Therefore,

an algorithm which has complexity O(R) sup errounds has complexity O(r R) rounds, which

11

4 The Rounds Complexit y Measure

The PRAM is a synchronous mo del. In using the PRAM as a programming mo del, one in e�ect assumes the existence of a global clo ck to which all the pro cesses synchronize. It is natural to use this clo ck as a measure of algorithmic complexity

. The APRAM do es not assume the existence of a global clo ck; therefore, we need complexity measures that can replace the running time complexity of synchronous mo dels. These new measures should re ect the elapsed real time from the start of the algorithm until its termination if it were implemented in an asynchronous environment.

F or any PRAM algorithm, A, let T (n) and P (n) denote the parallel running time and the numb er of pro cesses used by the algorithm on inputs of size n. The numb er of e�ective events in any synchronous computation of A on inputs of size n is at most P (n) � T (n). In this resp ect, the length of a synchronous computation gives some indication of the algorithm’s complexity

. This need not b e the case for asynchronous algorithms. F or example, if one pro cess, P

1

, is assigned to set a global v ariable, x, (which is initially reset), and all other pro cesses wait for the v ariable to b e set (e.g. by rep eatedly checking the v alue of x) one can create arbitrarily long computations by delaying the step of P

1

that sets x. One can view the frequency of events from a pro cess P in a segment of a computation as the pro cess’s sp e e d. This example shows that it is p ossible for the length of a computation to increase when the sp eed of a subset of the pro cesses is increased.

4.1 The Virtual Clo c k

The running time, or parallel time, complexity used in analyzing PRAM algorithms corresp onds to the numb er of time steps in a synchronous computation. One approach in asynchronous mo dels is to use a virtual clo ck (or lo gic al clo ck [Lam78]). This approach was intro duced in [PF77] and used in [AFL83,LF81] and is common in the area of distributed computing (see [Awe87,Awe85,AG87]). Consider a computation, C . A virtual clo ck of

C is an assignment of unique virtual times to the events of C ; the times assigned are a non-decreasing function of the event numb er. The time di�erence b etween two consecutive events of a pro cess is called the dur ation of the later event. The complexity of a computation is the time assigned to the last e�ective event in the computation.

One can obtain v ariations in the complexity measure by restricting the allowable virtual clo cks. One such v ariation, called the r ounds c omplexity, requires the duration of each event to b e at most 1. In e�ect, it assumes that each op eration takes at most one unit of time, but is allowed to take less. Other v ariations for measuring the implicit costs of synchronization

10

T4. e

2 is an event in the time step immediately following the time step containing e

1

.

T5. e

1 is executing a Load op eration and e

2 is executing a Store op eration to the same

address and e

1 and e

2 are in the same time step.

Conditions T4 and T5 corresp ond to the synchronization implicit in the PRAM mo del. Two

distinct events, e

1 and e

2

, are called c oncurr ent if e

1

6! e

2 and e

2

6! e

1

.

W e say that an event ac c esses a v ariable, x, if it either writes to x or reads from x. A

computation is said to b e exclusive write (resp. exclusive r e ad) if for any v ariable, x, the

events writing to (resp. accessing) x are totally ordered with resp ect to the relation !. A

program is called exclusive write (resp. exclusive r e ad) if every computation of the program

is exclusive write (resp. exclusive read). A program is called synchr onously exclusive write

(resp. synchr onously exclusive r e ad) if every synchronous computation is exclusive write

(resp. exclusive read). The CREW PRAM (resp. the EREW PRAM) is a synchronously

exclusive write (resp. synchronously exclusive read) RAM.

When using the CRCW PRAM mo del one must de�ne how write con icts are resolved.

Several submo dels app ear in the literature; the more p opular ones are the Priority, Arbitr ary

and Common. In the Priority mo del, each pro cess is assigned a priority

. When several

pro cesses attempt to write to the same memory lo cation at the same time the pro cess

with highest priority succeeds. In the Arbitrary mo del, when several pro cesses attempt to

write into the same memory lo cation at the same time one of them succeeds but it is not

known which; this intro duces non-determinism to the computation. In the Common mo del,

pro cesses are allowed to write simultaneously to the same lo cation only if they all write the

same v alue.

De�ne the synchr onous APRAM to b e an APRAM restricted to synchronous computa-

tions. The same v ariations can b e carried over to the synchronous APRAM mo del. F or the

synchronous APRAM priority mo del, each pro cess is assigned a priority

. A synchronous

APRAM computation is called Prioritize d if for any two events, e

1 and e

2

, which write to

the same lo cation in the same time step, if the priority of the pro cess executing e

1 is higher

than that of the pro cess executing e

2

, then e

1 app ears after e

2 in the computation. F or the

common mo del, we require that for any two events, e

1 and e

2

, if they b oth write to the same

lo cation in the same time step, they write the same v alue.

Remark. W e are not showing how to implement the v arious PRAM mo dels in the APRAM

mo del. Rather, we are showing that appropriate restrictions on the APRAM mo del yield

the v arious PRAM mo dels.

9

spatial lo cality of reference. This approach implicitly assumes that the (virtual) machine is uniform, comprising a collection of similar pro cesses. In addition to latency to memory ,

Gibb ons [Gib89

] studied the cost of pro cess synchronization by considering an asynchronous mo del. Although he assumed that the machine is asynchronous, his analysis in e�ect assumes that the pro cesses are roughly similar in sp eed. More precisely

, he required that read and writes b e separated by global synchronization; this results in a uniform environment from the pro cess p ersp ective.

2 Ov erview

The RAM is a very p opular mo del in sequential computation and algorithm design. Therefore, it is not surprising that a generalization of the RAM, the PRAM, b ecame a p opular mo del in the �eld of parallel computation. W e use another generalization of the RAM mo del, called the APRAM, suggested by Krusk al et al. [KRS88a]; a formal de�nition of the APRAM mo del is given in Section 3. It includes the standard PRAM as a submo del.

Roughly sp eaking, the APRAM can b e viewed as a collection of pro cesses which share memory . Each pro cess executes a sequence of basic atomic op erations called events. An event can either p erform a computation lo cally (by changing the state of the pro cess) or access the shared memory; accessing the memory has a unit cost asso ciated with it. An APRAM computation is a serialization of the events executed by all the pro cesses.

Synchronization costs fall into two categories: explicit c osts and implicit c osts. By explicit costs we mean the overhead for achieving synchronization. This could b e, for instance, the cost of executing extra co de that must b e added to the algorithm in order to synchronize. When pro cesses pro ceed at di�erent sp eeds, if the algorithm is required to pro ceed in lo ck step, the time required to execute a step is dictated by the slowest pro cess. By implicit costs we refer to the cost asso ciated with lo ck step execution apart from the explicit costs of synchronization. W e do not de�ne the notion of explicit and implicit costs formally

, for we do not think we have enough exp erience to justify de�nitive de�nitions. Rather we present them as concepts which are exempli�ed in our analysis.

The parallel runtime complexity asso ciated with the PRAM mo del describ es the complexity of PRAM algorithms as a function of the global clo ck provided by that mo del. The

APRAM mo del do es not have such a clo ck. Consequently

, it is necessary to de�ne complexity measures to replace the running time complexity . W e replace the role of the global clo ck by a virtual clo ck and we eventually investigate three complexity measures: the rounds complexity

, the unb ounded delays complexity and the b ounded delays complexity; however,

3

The PRAM is a synchronous mo del and thus it strips away problems of synchronization.

However, the implicit synchronization provided by the mo del hides the synchronization costs

from the user. In many cases, an algorithm may have to b e redesigned in order to allow it

to run e�ciently in an asynchronous environment. In this pap er, we are concerned with the

design of algorithms which p erform well in the presence of the non-uniformity intro duced

by asynchrony

. The work of Nishimura [Nis90] is similarly motiv ated. Another approach

to the problem of asynchrony is to seek to e�ciently compile PRAM algorithms to op erate

in asynchronous environments; this approach is followed by Martel, Park and Subramonian

[MPS89,MSP90]. They give e�cient randomized simulations of arbitrary PRAM algorithms

on an asynchronous mo del, given certain architectural assumptions (e.g. the av ailability of

a compare&swap instruction). It is not clear whether similar deterministic compilers exist;

in the absence of such compilers, to obtain deterministic algorithms it app ears necessary to

design them in an asynchronous environment; this is the fo cus of our work.

Our algorithm design is targeted at the APRAM mo del, de�ned more precisely in Sec-

tion 3. It assumes that each pro cess can access each memory lo cation in unit time. A non-

uniform environment arises b ecause pro cesses may pro ceed at considerably di�erent sp eeds;

in addition, the same pro cess may pro ceed at di�erent sp eeds at di�erent times during the

execution of the algorithm. W e study the e�ects of the nonuniformity on the complexity of

algorithms, aiming to design algorithms which p erform well in such environments.

Even if the underlying hardware is uniform and synchronous, the environment may

app ear nonuniform at the pro cess level for several reasons. F or example, it may app ear

nonuniform due to multitasking and consequent nonuniform task or pro cess distribution, or

b ecause of interactions with external devices (e.g. interrupts to service disk I/O).

W e hop e that investigating the synchronization costs will further our understanding of

some of the issues involved in parallel computation. The b etter we understand the issues

involved the more likely we are to develop b etter abstract computational mo dels, which will

ultimately guide us in taking adv antage of the p ower of parallelism.

Now, we brie y discuss some of the work concerned with uniform environments. [PU87],

[PY88,AC88] show that the communication among the pro cesses can b e reduced by design-

ing algorithms which take adv antage of temp oral lo cality of access; they assumed that each

(global) memory access has a �xed cost asso ciated with it. In a related pap er [ACS89], Ag-

garwal et al. argue that typically it takes a substantial time to get the �rst word from global

memory

, but after that, subsequent words can b e obtained quite rapidly

. They intro duce the

BPRAM mo del which allows blo ck transfers from shared memory to lo cal memory

. They

show that the complexity of algorithms can b e reduced signi�cantly by taking adv antage of

2

The APRAM { The Rounds Complexit y Measure and the Explicit Costs of Sync hronization

�

Richard Cole Ofer Za jicek

New Y ork University

Abstract

This pap er studies the explicit costs of synchronization by examining an asynchronous generalization of the PRAM mo del called the APRAM mo del. The APRAM mo del and its asso ciated complexity measure, the rounds complexity

, are de�ned and then illustrated by designing and analyzing two algorithms: a parallel summation algorithm which pro ceeds along an implicit complete binary tree and a recursive doubling algorithm which pro ceeds along a linked list. In b oth cases replacing global synchronization with lo cal synchronization yields algorithms with reduced complexity .

1 In tro duction

In this pap er we consider the e�ect of pro cess asynchrony on parallel algorithm design. As is well known, the main e�ort in parallel algorithm design has employed the PRAM mo del.

This mo del hides many of the implementation issues, allowing the algorithm designer to fo cus

�rst and foremost on the structure of the computational problem at hand { synchronization is one of these hidden issues.

This pap er is part of a broader research e�ort which has sought to take into account some of the implementation issues hidden by the PRAM mo del. Broadly sp eaking, two ma jor approaches have b een followed. One b o dy of research is concerned with asynchrony and the resulting non-uniform environment in which pro cesses op erate

1

[CZ89,CZ90c,Nis90

,MPS89],

[MSP90]. The other b o dy of research has considered the e�ect of issues such as latency to memory

, but assumes a uniform environment for the pro cesses [PU87,PY88,AC88,ACS89],

[Gib89].

�

The work was supp orted in part by NSF grants CCR-8902221 and CCR-8906949, and by a John Simon

Guggenheim Memorial F oundation F ellowship.

1

W e distinguish b etween pro cesses and pro cessors in order to emphasize that the APRAM is not a machine mo del but rather a programming mo del; it is the task of a compiler to implement the programming mo del on actual machines. The term pro cessor will b e used to refer to this comp onent of a machine.

1